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Stagewise Weak Gradient Pursuits
Part II: Theoretical Properties

Thomas Blumensath,Member, IEEE, Mike E. Davies,Member, IEEE

Abstract— In a recent paper [2] we introduced the greedy
Gradient Pursuit framework. This is a family of algorithms
designed to find sparse solutions to underdetermined inverse
problems. One particularly powerful member of this family i s
the (approximate) conjugate gradient pursuit algorithm, which
was shown to be applicable to very large data sets and which was
found to perform nearly as well as the traditional Orthogonal
Matching Pursuit algorithm. In Part I of this paper [3], we ha ve
further extended the Gradient Pursuit framework and introd uced
a greedier stagewise weak selection strategy that selects several
elements per iteration. Combining the conjugate gradient update
of [2] with this selection strategy led to a very fast algorithm,
applicable to large scale problems, which was shown in [3] to
perform well in a wide range of applications.

In this paper we study theoretical properties of the approach.
In particular, we propose a novel fast recursion to calculate the
conjugate gradient update direction and present a proof that
shows that this update is guaranteed to be better than a simple
gradient update.

The other contribution of this paper is to derive theoretic
guarantees that give conditions under which the stagewise weak
selection strategy can be used to exactly recover sparse vectors
from a few measurements, that is, guarantees under which the
algorithm is guaranteed to find the sparsest solution.

Index Terms— Sparse Representations/Approximations, Or-
thogonal Matching Pursuit, Weak Matching Pursuit, Gradient
Pursuit, Stagewise Selection, Exact Signal Recovery, Compressed
Sensing.

I. I NTRODUCTION

In part I of this paper [3] we proposed a novel generalisa-
tion of the Gradient Pursuit family of algorithms, previously
introduced in [2]. These algorithms were developed to solve
large sparse inverse problems which can be formally stated as
follows. Given an observation vectorx ∈ R

M and a matrix
Φ ∈ R

M×N , whereN > M , find a sparse vector ŷ ∈ R
N ,

such that
x̂ = Φŷ,

is close tox, that is the errorn = x − x̂ is small. Whilst
there are other possibilities, the most typical way to quantify
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sparsity of a vector is to count the number of elements that
are non-zero. Even though this is not a norm, we denote this
‘numerosity’ as‖ · ‖0, informally calledℓ0 norm.

A more thorough discussion of this problem, its application
and different strategies for its solution can be found in part I
of this paper [3].

In this part of the paper we present theoretical properties of
the Stagewise Weak Conjugate Gradient Pursuit algorithm and
address two questions. How fast does the algorithm approach
a solution and how good is this solution?

The Stagewise Weak Conjugate Gradient algorithm is a gen-
eralisation of Orthogonal Matching Pursuit (OMP) [4], which
has strong convergence guarantees. Whilst the generality of
the Gradient Pursuit framework of [2] does not allow general
convergence statements, particular instances of the algorithmic
framework, such as the algorithm based on gradient updates,
could be shown to converge linearly [2]. In this paper we
derive a convergence result for the (approximate) conjugate
gradient pursuit algorithm of [2], which is at least as good
as that for the gradient based scheme. Furthermore, we intro-
duce a new recursion that allows the (approximate) conjugate
gradient to be calculated with the same order of computations
than the gradient itself, making this the preferable algorithm
of the two.

The other question regards the quality of the solution found
with a sparse approximation algorithm. Several surprising
results in this direction were presented, for example, in the
papers [5], [6], [7], [8] and [9], which could show that under
certain conditions, solving a convexℓ1 problem will simulta-
neously solve theℓ0 problem. The recently developed theory
of compressed sensing gave even more generous conditions on
Φ [10], [11] that give similar guarantees. Comparable results
have also been derived for OMP [12] and [13]. These results
will be generalised here and are shown to also apply (with
possible minor modifications) to the algorithms proposed in
[2] and [3].

A. Paper Overview

Section II recalls the Gradient Pursuit framework of [2]. The
companion paper [3] proposed theStagewise Weak selection
strategy which we quickly summarise in subsection II-B.

One member of the Gradient Pursuit family is the (approx-
imate) Conjugate Gradient Pursuit algorithm, which will be
discussed in subsection III-A, where we propose a novel fast
implementation of the method. We will furthermore derive a
novel convergence result for this approach (subsection III-C).

Theoretical properties of the stagewise weak methods will
be studied in section IV where we derive several results that
give guarantees on the recovery performance of the methods.
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B. Notation

We here use the same notation as in [2]. In iterationn, Γ[n]

is a set of indices, which is used to label a subset of columns
from a matrixΦ. The matrixΦΓ[n] is then the sub-matrix ofΦ
containing those columns ofΦ with indices inΓ[n]. The same
convention is used for vectors. Superscripts in a subscript, as
in ŷΓ[n] reminds us that we are in iterationn, on occasion,
however, we resort to using additional superscripts (e.g.ŷ[n])
to further clarify the current iteration. The Gram matrix
is denoted byGΓ[n] = ΦT

Γ[n]ΦΓ[n] . Lower case bold face
characters represent vectors and upper case bold characters
are used for matrices. Individual elements from a vector will
be in standard type face with a subscript. For exampleg will
be used to refer to a negative gradient vector withgi denoting
the ith element of this vector. Inner products between vectors
will often be written using angled brackets, e.g.〈x,y〉 = xTy

and estimated quantities will be distinguished using the hat
notation ·̂.

II. STAGEWISE WEAK GRADIENT PURSUIT

A. Gradient Pursuits

Gradient Pursuit algorithms iterate through the following
three steps.

1) Select columns fromΦ based on the inner products
|φT

i r[n−1]|.
2) Update the estimate of̂y using a directional update.
3) Update the residualr[n] = x − ΦΓ[n]ŷ

[n]

Γ[n] .

The directional update of̂y[n−1] is

y[n] = y[n−1] + βd[n],

whereβ is a step-size, that can be calculated explicitly to give
the minimum mean squared error solution for a given update
directiond.

To keep the second part of this paper concise, we refer the
reader to the first part of this paper [3] as well as to [2] for a
more detailed discussion of this approach.

Whilst the updates in Matching Pursuit and Orthogonal
Matching Pursuits also fall into this framework1, different
directionsd[n] can be beneficial. In [2], the gradient and an
approximate conjugate gradient method were suggested. In the
gradient based approach, the update direction is

d
[n]

Γ[n] = g
[n]

Γ[n] = ΦΓ[n](x − ΦΓ[n]ŷ
[n−1]

Γ[n] ). (1)

The (approximate)2 conjugate gradient method uses the direc-
tion

d
[n]

Γ[n] = g
[n]

Γ[n] + ωd
[n−1]

Γ[n] , (2)

whereω is calculated such that〈ΦΓ[n]d
[n]

Γ[n] ,ΦΓ[n]d
[n−1]

Γ[n] 〉 = 0,
that is, consecutive update directions areconjugate.

1As an aside, it is interesting to note that the least angle regression algorithm
(LARS) [14], which is a greedy version of convex relaxation methods, also
falls into the Gradient Pursuit framework. In LARS, an update directiond[n]

and step sizeµ[n] are chosen such that the inner products between the residual
r[n] = r[n−1] − µ[n]d[n] and the selected elementsψi all have the same
magnitude as the largest inner product betweenr

[n] and a previously un-
selected element. See [14] for more details.

2Approximate, because the method only guarantees conjugacyof the current
update direction to the previous update direction, but not to all previous update
directions [2].

B. Stagewise Weak Selection Strategy

The Stagewise Weak selection strategy introduced in [3] was
inspired by theweak Matching Pursuit algorithm [15]. Weak
Matching Pursuit selectsany one element such that

|gj | ≥ α max
i

|gi|.

Instead of selecting asingle element satisfying the above
condition, the stagewise weak algorithm selectsall element
that satisfy this condition. Using this approach, the set of
indices is updated as

Γ[n] = Γ[n−1]
⋃

{i : |gi| ≥ α max
j

|gj |}. (3)

Combining the stagewise weak selection strategy with the
coefficient update of OMP, we get the Stagewise Weak Orthog-
onal Matching Pursuit algorithm (SWOMP) while combining
the stagewise weak selection step with a conjugate gradient
update, we get Stagewise Weak Conjugate Gradient Pursuit
(SWCGP).

III. C ONJUGATEGRADIENT PURSUIT

The algorithm based on update direction (2) was called
Approximate Conjugate Gradient Pursuit in [2]. For simplicity,
we will here drop the term approximate and use the name
Conjugate Gradient Pursuit (CGP). This method is discussed
in detail in this section, where we give a novel recursion that
allows the method to be implemented more efficiently. We also
present a convergence result for the approach.

A. Implementation

The following efficient implementation of Conjugate Gra-
dient Pursuit is based on a novel recursion to calculate the
update direction and uses auxiliary vectorsw andv.

• Input: x,Φ and stopping criterion
• Initialise: ŷ[0] = 0, Γ[0] = ∅, r[0] = x, n = 1
• iterate until stopping criterion is met:

1) g[n] = ΦT r[n−1]

2) Select a set of new elementsI.
3) Γ[n] = Γ[n−1]

⋃ I
4) if n = 1

– d
[n]

Γ[n] = g
[n]

Γ[n]

– v[n] = ΦΓ[n]d
[n]

Γ[n]

else,

– w[n] = ΦΓ[n]g
[n]

Γ[n]

– ω[n] = −〈v[n−1],w[n]〉/κ[n−1]

– d
[n]

Γ[n] = g
[n]

Γ[n] + ωd
[n−1]

Γ[n]

– v[n] = w[n] + ω[n]v[n−1]

5) κ[n] = ‖v[n]‖2
2

6) µ[n] = 〈r[n−1],v[n]〉/κ

7) ŷ
[n]

Γ[n] = ŷ
[n−1]

Γ[n] + µ[n]d
[n]

Γ[n]

8) r[n] = r[n−1] − µv[n]

9) n 7→ n + 1

• Outputr[n−1], Γ[n−1] and ŷ[n−1]
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We have here deliberately left the element selection step
ambiguous. In[2] we used the same strategy as in Matching
Pursuit and Orthogonal Matching Pursuit, whilst in [3] the
Stagewise Weak selection strategy was proposed for this task.

As discussed in [2], this approach is fundamentally different
from a strategy that uses a conjugate gradient solver in each
iteration of OMP as is done, for example, in Stagewise Or-
thogonal Matching Pursuit (StOMP) [16]. Whilst the conjugate
gradient method tries to retain conjugacy between iterations,
the method used in StOMP starts a new conjugate gradient
optimisation in each iteration.

One important difference between the CGP strategy and the
use of a standard conjugate gradient solver, restarted in each
iteration and run for a fixed number of iterations, is that, using
a single CGP update and allowing elements to be re-selected
in consecutive iterations, CGP has a built in mechanism that
senses how orthogonal the residualr[n] is to all previously
selected elements. If the residual is far from orthogonal, the
inner products with already selected elements will be large
and an element is re-selected. If on the other hand, a single
update step leads to a solution close to the OMP optimum,
in which case the residual becomes nearly orthogonal to all
previously selected elements, the algorithm will not re-select
elements.

B. Computation Cost per Iteration

An important property of the algorithm as outlined in
subsection III-A is that it only requires the storage of vectors
and scalars. The only exception is the required storage of the
mappingΦ. The storage requirements are therefore low. In
particular,g hasN elements, whilstv,w,x andr are of length
M and Γ, ŷΓ and dΓ are at most of lengthK, whereK is
the number of non-zero elements in the solution.

The computational complexity is also low. The mapping
Φ is only applied twice in each iteration, once in step 1, to
calculate the inner products and once in step 4 to calculate
the new update direction. Apart from the search required in
the selection step, which is anO(N) operation, all other com-
putations are inner products or vector scalar multiplications.
In total, there are three inner products between vectors of
lengthM and 4 vector additions (two ofM -vectors and two
of K-vectors), all of which also involve a scalar product. The
computational complexity is therefore of the same order as
the application of the operatorΦ or its adjoint. The method
is thus particularly fast if these operators can be implemented
efficiently, based, for example, on fast Fourier or fast wavelet
transforms. In this case, the storage cost ofΦ, which domi-
nates the storage requirements, is also significantly reduced.
Due to the new recursion, the computational requirements are
slightly different from those reported in [2] and are therefore
summarised in table I.

C. Convergence

Although the gradient based directional updates do not fully
minimise the residual, it can be shown that under certain
circumstances a single optimization step actually does a pretty
good job. In [2] we have shown that a Gradient Pursuit

I: Computation and storage cost of CGP in iterationn ≥ 2.
computation
2 applications ofΦ (once using the adjoint)
3 inner products ofM -vectors
2 M -vector additions (with scalar multiplication)
2 K-vector additions (with scalar multiplication)

storage
Φ

1 N -vector
4 M -vectors
3 K-vectors

algorithm with update (1) converges linearly. In particular we
had

Theorem 1: There exists a constantc < 1, which only
depends onΦ, such that the residual calculated with the
gradient based Gradient Pursuit algorithm decays as

‖r[n]‖2
2 ≤ c‖r[n−1]‖2

2.
The constantc can be expressed in terms of the following

quantities of interest in the theoretical study of sparse sig-
nal recovery. The restricted isometry constantζK [17] is a
symmetric bound on the singular values of any sub-matrix of
Φ with K (or less) elements and is defined as the smallest
quantity such that

(1 − ζK(Φ)) ≤ ‖Φy‖2
2

‖y‖2
2

≤ (1 + ζK(Φ)),

holds for ally with no more thanK non-zero elements.
It can be shown that [2]

c ≤
(

1 − ω

‖Φ‖2
2

)

,

whereω > 0 is such that‖ΦTx‖2
∞ > ω‖x‖2

2, for all x [15,
pp. 422]. If (1 − ζK) > 0 and if the algorithm selects only
K elements, then we can write the constant in terms of the
restricted isometry

c ≤
(

1 − 1 − ζK

K(1 + ζK)

)

.

An argument for the use of gradient based optimisation can
also be given based on the restricted isometry. If the dictio-
nary has a small restricted isometry constantζK , then every
subdictionary is very nearly orthogonal. Because eigenvalues
of sub-matrices are nested between those of the full matrix
[18, Theorem 7.3.9], forn ≤ K, the condition number,κ, of
the sub-dictionary’s Gram matrix,G[n]

Γ is bounded by

κ(G
[n]
Γ ) ≤

(

1 + ζK

1 − ζK

)2

.

This can be used to explain the good performance of the
gradient based updates. Using

f(yΓn) = ‖x − ΦΓnyΓn‖2
2,

a worst case analysis of the gradient line search gives [19]:

f(yn
Γn) − f(y∗

Γn)

f(yn−1
Γn ) − f(y∗

Γn)
≤

(

κ − 1

κ + 1

)2

≤
(

2ζ

(1 − ζ)2

)2
(4)
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wherey∗
Γn denotes the least squares solution off(yΓn). Hence

for smallζ the convergence, even of a single gradient iteration,
is good.

The convergence of the Conjugate Gradient Pursuit algo-
rithm discussed above was not derived in [2]. The following
theorem shows that the reduction inf(yΓn) is at least as good
when using update (2) than when using update (1).

Theorem 2: Use ω and µ as defined in subsection III-A.
In the Gradient Pursuit framework, using the update direction
(2) reduces theℓ2 norm of the residualr[n] = x − Φy[n] =
x − Φ(y[n−1] + µd[n]) at least as much as using the update
direction (1). Therefore, the convergence for the algorithm
using the direction defined in (2) is at least as good as that in
theorem 1.

The proof is basically that of [20]. However, in the Gradient
Pursuit framework, the Gram matrix changes from iteration to
iteration and care has to be taken to show that it still holds in
this case. This can indeed be done, as shown in appendix I.

IV. RECOVERY ANALYSIS

Theoretical justification for the use of the stagewise weak
selection step can be derived mirroring the results of Tropp
[12] and Tropp and Gilbert [13]. These results will be stated
for a quite general family of algorithms, which will be
introduced first.

A. General weak MP algorithms

Some of the results derived here hold for all general weak
Matching Pursuit algorithms, which we define slightly more
generally than in [21]. Ageneral weak Matching Pursuit
algorithm is any algorithm that in each iteration

1) addsany number of indices from the set{i : |gi| ≥
α maxj |gj|} to the set of previously selected indices; and
then

2) estimatesy deterministically by setting only elements
with indices in the selected set to non-zero values.

Importantly, the exact value of the non-zero elements in step
two is arbitrary as long as they depend deterministically on
x, r[n−1] and Φ. Therefore, MP, OMP, CGP, SWOMP and
SWCGP are all particular instances of general weak Matching
Pursuits.

B. Analysis Based on Coherence: Noiseless Recovery

For the weakness factorα ≤ 1, define the exact recovery
condition (ERCα(Γ)) [12] as

max
i/∈Γ

‖Φ†
Γφi‖1 < α.

A proof very similar to that presented in [12] leads to the
following theorem. The full proof is given in appendix II for
completeness.

Theorem 3: Assume thatx = Φy and thaty is supported
on the elements inΓ⋆. If ERCα(Γ⋆) holds and ifΓ[n−1] ⊂ Γ⋆,
then

{i : |gi| ≥ α max
j

∣

∣ΦT (x − ΦΓ[n−1]ŷΓ[n−1])
∣

∣} ⊂ Γ⋆

holds for all ŷΓ[n−1] .
The theorem guarantees that, as long as the residualr[n−1]

is in the span ofΦΓ⋆ , the algorithm will only select correct
elements, which in turn implies that the next residual will
remain in the span ofΦΓ⋆ . We therefore have the following
corollary

Corollary 1: Assume thatx = Φy and thaty is supported
on the elements inΓ⋆. If ERCα(Γ⋆) holds, then ageneral
weak MP algorithm will only select elements from the setΓ⋆.

These results are in terms of the exact recovery condition,
which is a function of the support set of the solution. A
more general statement can be made using the coherence and
cumulative coherence ofΦ. The coherence ofΦ is defined as

µ = max
i6=j

|〈φi, φj〉|

and the cumulative coherence [12] is defined as

µ1(K) = max
Γ:|Γ|=K

max
i/∈Γ

∑

j∈Γ

|〈φi, φj〉|,

where the outer maximum is taken over all setsΓ with
K elements. Instead of using the cumulative coherence, the
following bound in terms of the coherence (which is easily
calculated) can be used [12]

µ1(K) ≤ Kµ.

Without proof, we present the following result from [12]
and [21].

Lemma 1: If µ1(K) + αµ1(K − 1) < α, then ERCα(Γ)
holds for allΓ with |Γ| ≤ K.

Therefore, combining the results of this subsection, if
µ1(K) + αµ1(K − 1) < α, if x = Φy and if y is K-sparse,
then ageneral weak Matching Pursuit algorithm will pick up
only elements from the support set ofy.

C. Analysis Based on Coherence: Approximation

The results in the previous subsection were for observations
x = Φy, wherey was exact sparse, i.e. all butK elements
were exactly zero. This is a quite restrictive assumption in
practice. Furthermore, observations are often noisy. For this
more general setting, we have the following result, which is
again similar to the OMP result in [12].

Theorem 4: For anyx, let

Γ⋆
K = argmin

Γ:|Γ|≤K

{

min
x̂:x̂=ΦΓŷΓ

‖x− x̂‖2

}

and let
x̂⋆

K = argmin
x̂:x̂=ΦΓ⋆

K
ŷΓ⋆

K

‖x − x̂‖2

be the bestK term approximation. For anŷx[n] = ΦΓŷΓ with
Γ ⊂ Γ⋆, if in iteration n + 1

‖x− x̂[n]‖2 >

√

1 +
K(1 − µ1(K − 1))

(α − (1 + α)µ1(K))2
‖x− x̂⋆

K‖2,

then anygeneral weak MP algorithm will only pick elements
from Γ⋆

K .
The proof is presented in appendix III.
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An important consequence of this result holds forgeneral
weak MP algorithms whose residual norm decreases.

Corollary 2: Any general weak MP algorithm for which
‖x− x̂[n]‖2 > ‖x− x̂[n+1]‖2 can calculate signal approxima-
tions of the form

‖x− x̂‖2 ≤
√

1 +
K(1 − µ1(K − 1))

(α − (1 + α)µ1(K))2
‖x− x̂⋆

K‖2,

wherex̂ = ΦΓŷΓ with Γ ⊂ Γ⋆.
Proof: The proof is by induction. In iteration1, x̂ = 0.

If the error bound already holds, we would be done, if not,
theorem 4 applies and the algorithm selects elements fromΓ⋆.
Assume that up to iterationn, the algorithm has only selected
elements fromΓ⋆. Either the assumption of the corollary holds
or the algorithm will select only elements from the setΓ⋆.
Running the algorithm until the inequality in the corollaryis
reached, we see that we can only have picked correct elements
on the way.

The corollary guarantees that the algorithm will only pick
elements fromΓ⋆ and will find an approximation which is
‘close’ in some sense to the best possible approximation.
However, the corollary falls short of showing that we can in
fact recover all of the setΓ⋆.

D. Analysis Based on Coherence: Estimation

Whilst the above result gave guarantees in terms of the
approximation accuracy achievable withgeneral weak Match-
ing Pursuit algorithms, in this section we ask the question,
how good the estimation of the coefficient vectory is with
these methods. This is an important property in applications
such as compressed sensing, where the signal of interest is
the sparse vectory (or an orthogonal transform thereof). We
here present a result based on coherence ofΦ in the case in
which the algorithm has a given convergence guarantee. This
condition is fulfilled for example for Matching Pursuit [15]
(and therefore also for Orthogonal Matching Pursuit) as well
as for the Conjugate Gradient algorithm and the Stagewise
Weak Conjugate Gradient algorithm. The proof is given in
appendix IV.

Theorem 5: Let ŷ[n] be the estimation of anyy produced
by anygeneral weak MP algorithm that satisfies‖x−x̂[n]‖2 ≤
ω‖x− x̂[n−1]‖2 for anyn and0 ≤ ω < 1. Let n⋆ be no larger
than the smallest iteration countn for which the condition
in corollary 2 holds. Further assume that in iterationn⋆ the
algorithm has selected no more than K elements and thatΦ

andK are such that1− µ1(K − 1) > 0 and thatc = ω2(1 +
µ1(K + 1))/(1 − µ1(K + 1)) < 1, then

‖ŷ[n] − y⋆‖2
2

‖y⋆‖2
2

≤ cn⋆

.

wherey⋆ = Φ
†
Γ⋆(Φy + n).

This theorem tells us that we can usegeneral weak MP
algorithms and do nearly as well as an ‘oracle’ algorithm that
knew the setΓ⋆ of the K largest elements.

Unfortunately, the theorem tells us neither whatn⋆ is nor,
what the bestK would be. IncreasingK will increasec, whilst
also increasingn⋆. A compromise therefore needs to be struck.

Whilst an estimate ofc can be based on the convergence
guarantees for a particular update direction, estimation of n⋆

can be done following an approach similar to the argument
that led to Theorem 4 in [21]. We will leave this development
for a future publication and instead turn to an analysis of exact
recovery based on random matrix ideas.

E. Analysis Based on Random Matrixes: Noiseless Case

The results in the previous section are universal, that is, if Φ

has a given coherence, then any stagewise weak algorithm will
select only correct atoms. These are the best results attainable
using coherence. However, following Tropp and Gilbert [13],
better bounds can be given if we draw the matrixΦ randomly
from a suitable distribution, independently from a giveny. For
a singley, OMP was shown in [13] to be able to recover the
correct support ofy with high probability whenM is of the
order ofK ln(N). The results requireΦ to be an admissible
matrix, i.e. a matrix that satisfies [13]

M1 The columns ofΦ are statistically independent.
M2 E{‖φi‖2

2} = 1.
M3 For any set of L vectorsri ∈ R

M : ‖ri‖2 ≤ 1, which are
statistically independent fromΦB and any columnφ of
ΦB,

P{max
i

|〈φ, ri〉| ≤ ǫ} ≥ 1 − 2Le−c1ǫ2M . (5)

M4 Any M ×K sub-matrix ofΦ has thekth singular value
σK larger than0.5 with probability

P{σK > 0.5} ≥ 1 − e−c2M .

As shown in [13], if the entries inΦ are drawn i.i.d. from a
normal or Bernoulli distribution (with the appropriate variance
to satisfy M2), thenΦ will satisfy the above conditions. The
proof in [13] can be easily adapted to include a stagewise
weak selection step. However, we develop a more general
result from which an analogous result for SWOMP will follow
as a corollary.

Theorem 6: (general weak MP with random measurements)
Suppose thaty is an arbitraryK-sparse signal inRN and
draw a randomM×N admissible matrixΦ independent from
the signal. Given the datax = Φy any general weak MP
algorithm will select only correct elements within the firstL
iterations with probability more than

1 − (4L(N − K))e−cα2M/K .

In particular, if L ≤ K, then choosing M ≥
2/cα−2L log(N/

√
δ) guarantees that any general weak MP

algorithm will only pick correct atoms during the firstL
iterations with probability at least1 − δ. The constant is
c = 1

4 max{c1, c2}, wherec1 and c2 are the constants in M3
and M4.
The proof is very similar to the one in [13], but takes account
of the weakness parameter. For completeness, this proof can
be found in appendix V.

The difference to the result in [13] is that we are no longer
guaranteed that, if there areK non-zero elements iny and if
the algorithm selects only correct elements in each iteration,
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the algorithm will actually have selectedK different elements
after K iterations. Whilst for the algorithms described in this
paper, this was indeed observed experientially in many cases,
this does not seem to be guaranteed in general. Therefore,
setting L = K in the last theorem does not guarantee that
the algorithm extractsall of the correct elements. We can
nevertheless state the following “result dependent” corollary.

Corollary 3: (general weak MP with random measure-
ments) Suppose thaty is an arbitraryK-sparse signal inRN

and draw a randomM ×N admissible matrixΦ independent
from the signal. Given the datax = Φy and choosing
M ≥ cα−2K log(N/

√
δ). If a general weak MP algorithm has

selectedK atoms in at mostK iterations, then it has found
the support of the signaly with probability at least1 − δ.

If we use an exact orthogonalisation as in OMP and
SWOMP, then the residualr[n] is orthogonal to all previously
selected elements. This guarantees that the general weak
selection step will pick at least one new element in each
iteration. If the algorithm only picks up correct atoms, it is
guaranteed to converge in at mostK iterations and the above
theorem gives the following corollary.

Corollary 4: (SWOMP with random measurements) Sup-
pose thaty is an arbitraryK-sparse signal inRN and draw
a randomM × N admissible matrixΦ independent from
the signal. Given the datax = Φy and choosingM ≥
cα−2K log(N/

√
δ), then SWOMP can reconstruct the signal

y with probability at least1 − δ.

V. D ISCUSSION AND CONCLUSION

Underdetermined inverse problems with a sparsity con-
straint on the solution are found in many areas of modern
signal processing. In this paper, we have presented additional
theoretical properties for several greedy strategies. TheCon-
jugate Gradient Pursuit algorithm was introduced in an earlier
paper [2]. In this paper, we have presented an additional
recursion to speed up the algorithm and derived an additional
convergence result.

Using the Stagewise Weak selection strategy introduced in
[3] together with an OMP coefficient update does not necessar-
ily offer computational advantages, however, strong theoretical
performance guarantees for this method could be derived. The
main computational advantage of the Stagewise Weak strategy
was achieved when combining it with the conjugate gradient
update. The coherence based performance guarantees derived
here still hold in this case and similar results for random
dictionaries were demonstrated. Importantly, the performance
guarantees derived here are similar to those derived for OMP
in [12], [13] and [21]. In conclusion, we could show that
the Stagewise Weak Conjugate Gradient Pursuit algorithm is
more efficient than OMP, whilst retaining similar theoretical
performance guarantees.

APPENDIX I
PROOF OF THEOREM2

A. Notation and Prerequisites

Let us first simplify notation. In this proof we will use the
shorthandGn = ΦT

Γ[n]ΦΓ[n] . Also, instead of keeping track

of the size of vectors, we will assume the size to be clear from
the context. For example, we used[n] to meand[n]

Γ[n] as well as

d
[n]

Γ[n+1] (note the change in the set of elements used!). In this
notation, if a vector such asd[n] has more thann elements,
all those elements not inΓ[n] will always be zero.

To simplify the expression of the cost function, we introduce
the vectorz = Φ

†
Γ[n]x− ŷΓ[n] . This allows us to write the cost

function at iterationn as

‖x− ΦΓ[n]ŷΓ[n]‖2
2

∝ −2xTΦΓ[n]ŷΓ[n] + ŷT
Γ[n]GnŷΓ[n]

∝ zT Gnz,

Minimisation of the original problem is therefore equivalent
to minimisation of 1

2z
T Gnz. G is assumed to be strictly

positive definite and therefore invertible. We abbreviate the
update direction for the Conjugate Gradient approach byd

[n]
CG

and the direction for the gradient based approach byd
[n]
G .

The proof uses the following equalities, which are either
definitions or easily proven.

E1 〈d[n],Gmd[n−1]〉 = 〈d[n],Gnd[n−1]〉, whenevern ≤ m.
E2 g[n+1] = Gn+1z

[n] or z[n] = G−1
n+1g

[n+1].

E3 〈z[n−1],Gn+1d
[n]〉 E1

= 〈Gnz[n−1],d[n]〉 E2
= 〈g[n],d[n]〉.

E4 Define:d[n]
G = g[n] = ΦΓ[n](x − Φy[n−1]).

E5 Define:d[n]
CG = g[n] + ωd

[n−1]
CG .

E6 ω is chosen such that conjugacy holds

ω = − 〈g[n],Gnd
[n−1]
CG 〉

〈d[n−1]
CG ,Gnd

[n−1]
CG 〉

E1
= − 〈g[n],Gn+1d

[n−1]
CG 〉

〈d[n−1]
CG ,Gn+1d

[n−1]
CG 〉

.

E7 The optimum step size is

µ =
〈g[n],d[n]〉

〈d[n],Gnd[n]〉
E1
=

〈g[n],d[n]〉
〈d[n],Gn+1d[n]〉 .

E8 y[n] = y[n−1] + µd[n] implies z[n] = z[n−1] − µd[n].
E9 In subsection I-D we show that〈g[n],d[n−1]〉 = 0.

E10 Conjugacy andE1 imply 〈d[n]
CG,Gn+1d

[n−1]
CG 〉 = 0.

B. Proof Outline

The proof shows the following

P1 For any update directiond[n], the cost is proportional to

〈z[n−1],Gn+1z
[n−1]〉 − 〈g[n],d[n]〉2

〈d[n],Gn+1d[n]〉 .

P2 Usingd
[n]
G , this becomes trivially

〈z[n−1],Gn+1z
[n−1]〉 − 〈g[n],g[n]〉2

〈g[n],Gn+1g[n]〉 .

P3 Usingd
[n]
CG, it can be shown that the cost is

〈z[n−1],Gn+1z
[n−1]〉 − 〈g[n],g[n]〉2

〈d[n]
CG,Gn+1d

[n]
CG〉

.

P4 It therefore remains to show that

〈d[n]
CG,Gn+1d

[n]
CG〉 ≤ 〈g[n],Gn+1g

[n]〉,
so that the cost in P3 is not more than that in P2.
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C. Details

To show P1 we write

〈z[n],Gn+1z
[n]〉

E2
= 〈g[n+1],G−1

n+1g
[n+1]〉

E2,E8
= (Gn+1z

[n−1] − µGn+1d
[n])TG−1

n+1

· (Gn+1z
[n−1] − µGn+1d

[n])

= 〈z[n−1],Gn+1z
[n−1]〉

−2µ〈z[n−1],Gn+1d
[n]〉

+µ2〈d[n],Gn+1d
[n]〉

E3
= 〈z[n−1],Gn+1z

[n−1]〉
−2µ〈g[n],d[n]〉
+µ2〈d[n],Gn+1d

[n]〉
E7
= 〈z[n−1],Gn+1z

[n−1]〉

− 〈g[n],d[n]〉2
〈d[n],Gn+1d[n]〉 .

P2 follows trivially from the definition E4.
P3 follows from E9

〈g[n],d
[n]
CG〉

E5
= 〈g[n],g[n]〉 + ω〈g[n],d

[n−1]
CG 〉

E9
= 〈g[n],g[n]〉.

Finally to show P4,

〈d[n]
CG,Gn+1d

[n]
CG〉

E5,E10
= 〈g[n],Gn+1d

[n]
CG〉

E5
= 〈g[n],Gn+1g

[n]〉
+ω〈g[n],Gn+1d

[n−1]
CG )〉

E6
= 〈g[n],Gn+1g

[n]〉
−(〈g[n],Gn+1d

[n−1]〉2/〈d[n−1],Gn+1d
[n−1]〉.

D. Proof of 〈g[n],d[n−1]〉 = 0

g[n] E2
= Gnz[n−1]

E8
= Gnz[n−2] − µGnd[n−1]

E7
= Gnz[n−2]

− 〈g[n−1],d[n−1]〉
〈d[n−1],Gnd[n−1]〉Gnd[n−1].

With this the inner product becomes

〈g[n],d[n−1]〉
= 〈d[n−1],Gnz[n−2]〉

− 〈g[n−1],d[n−1]〉
〈d[n−1],Gnd[n−1]〉 〈d

[n−1],Gnd[n−1]〉

= 〈z[n−2],Gnd[n−1]〉 − 〈g[n−1],d[n−1]〉
E3
= 0.

APPENDIX II
PROOF OF THEOREM3

We prove that for anyr ∈ span{ΦΓ⋆}, ERCα(Γ⋆) implies
that {i : |gi| ≥ α maxj

∣

∣ΦT r[n]
∣

∣} ⊂ Γ⋆, that is as long as
r[n] lies in the span of the correct elements, the algorithm will
select more of the correct elements.r[0] = x ∈ span{ΦΓ⋆}
is trivially true. By induction, if up to iterationn we only
selected correct elements, then, whatever the vectorŷΓ[n−1] ,
r[n−1] = x−ΦΓ[n−1] ŷΓ[n−1] will also be in the span ofΦΓ⋆ .
It therefore remains to show that if ERCα(Γ⋆) holds for any
vectorr in the span ofΦΓ⋆ , then all indicesi for whichφT

i r ≥
α maxj

∣

∣ΦT r[n]
∣

∣ are in the setΓ⋆.
To show this, split the matrixΦ into two sub-matrixs. Let

ΦΓ⋆ = ΦG be thegood matrix with those elements in the
true support setΓ⋆ and letΦB be thebad matrix with the
remaining columns. All we need to show is that for anyr in
the span ofΦG

‖ΦT
Br‖∞

‖ΦT
Gr‖∞

< α.

Becauser = ΦGyG for someyG and using the identityΦG =
(Φ†

G)TΦT
GΦG, we have

‖ΦT
Br‖∞

‖ΦT
Gr‖∞

=
‖ΦT

B(Φ†
G)TΦT

Gr‖∞
‖ΦT

Gr‖∞
≤ ‖ΦT

B(Φ†
G)T ‖∞

= ‖Φ†
GΦB‖1 = ERCα(Γ⋆)

< α.

APPENDIX III
PROOF OF THEOREM4

Let Γ⋆ be defined as

Γ⋆ = argmin
Γ:|Γ|≤0

min
yΓ

‖x− ΦΓyΓ‖2, (6)

that is, Γ⋆ is the K element set which allows the best
approximation to a signalx. Let y⋆

Γ = minyΓ ‖x − ΦΓyΓ‖2

and
r⋆ = x − ΦΓy

⋆
Γ

In iteration n, assume the algorithm has recovered a set
Γ[n] of elements from the setΓ⋆. Let the residual ber[n] =
x−ΦΓ[n]y

[n]

Γ[n] = x− x̂[n]. Let x̂⋆ = Φy⋆ be the bestK term
error. Again, let the setsG = Γ⋆ and B = G⊥ be the good
and bad sets. We then have

‖ΦT
Br[n]‖∞

‖ΦT
Gr[n]‖∞

=
‖ΦT

B(x − x̂⋆) + ΦT
B(x̂⋆ − x̂[n])‖∞

‖ΦT
G(x − x̂⋆) + ΦT

G(x̂⋆ − x̂[n])‖∞

≤ ‖ΦT
B(x − x̂⋆)‖∞

‖ΦT
G(x̂⋆ − x̂[n])‖∞

+
‖ΦT

B(x̂⋆ − x̂[n])‖∞
‖ΦT

G(x̂⋆ − x̂[n])‖∞
.

Note that due to the optimality of̂x⋆, the error(x − x̂⋆) is
orthogonal to all elements inΦG. The term on the right hand
side can be bounded in the same way as was done in appendix
II

‖ΦT
B(x̂⋆ − x̂[n])‖∞

‖ΦT
G(x̂⋆ − x̂[n])‖∞

≤ max
i∈B

‖Φ†φi‖1. (7)
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The other term can be bounded as

‖ΦT
B(x − x̂⋆)‖∞

‖ΦT
G(x̂⋆ − x̂[n])‖∞

≤ maxφi,i∈B ‖φi‖2‖x − x̂⋆‖2√
K−1‖ΦG(x̂⋆ − x̂[n])‖2

≤
√

K‖x− x̂⋆‖2

σK(ΦG)‖x̂⋆ − x̂[n]‖2
.

In the first line we have used the Cauchy-Schwarz inequality
to bound the maximum inner product in the numerator and
standard norm inequalities for the denominator. In the second
line we then usedσK(ΦG) to be theKth singular value of
ΦG. In order for this bound to make sense, this needs to be
non-zero, so we requireΦG to be of full rank.

Therefore, to guarantee correct element selection, it is
sufficient that

‖ΦT
Br[n]‖∞

‖ΦT
Gr[n]‖∞

≤
√

K‖x− x̂⋆‖2

σK(ΦG)‖x̂⋆ − x̂[n]‖2
+ max

i∈B
‖Φ†φi‖1 < α.

To state this in terms of the cumulative coherence, we note
that [22]

σK(ΦG) ≥
√

1 − µ1(K − 1).

To boundmaxi∈B ‖Φ†φi‖1, note that [22]

max
i∈B

‖Φ†φi‖1 ≤ µ1(K)

1 − µ1(K − 1)
.

With these inequalities, we see that it is sufficient that

‖x̂⋆ − x̂[n]‖2 >

√
K(1 − µ1(K − 1))

α − (1 + α)µ1(K)
‖x− x̂⋆‖2

or, using orthogonality (i.e.‖x−x̂[n]‖2
2 = ‖x̂⋆−x̂[n]‖2

2+‖x−
x̂⋆‖2

2),

‖x − x̂[n]‖2 >

√

1 +
K(1 − µ1(K − 1))

(α − (1 + α)µ1(K))2
‖x− x̂⋆‖2.

APPENDIX IV
PROOF OFTHEOREM 5

Let y⋆ be the orthogonal projection ofx = Φy + n onto
the span ofΦΓ⋆ , whereΓ⋆ is the set ofK elements, for which
‖yΓ⋆‖2 is largest. Lete = x−Φy⋆. Note thate is orthogonal
to Φy⋆ by definition. By the assumption of linear convergence
of the algorithm, there is anω < 1, such that

‖Φ(ŷ[n] − y⋆) − e‖2
2 ≤ ω2‖Φ(ŷ[n−1] − y⋆) − e‖2

2.

By corollary 2 and the assumption onn⋆, the algorithm will
only have selected elements fromΓ⋆, that is, the support of
ŷ[n] ⊂ Γ⋆. ThereforeΦ(ŷ[n] − y⋆) ande are orthogonal and
we can use Pythagoras to decompose‖Φ(ŷ[n] − y⋆) − e‖2

2

and‖Φ(ŷ[n−1] − y⋆) − e‖2
2, which gives

‖Φ(ŷ[n] − y⋆)‖2
2 + ‖e‖2

2 ≤
ω2‖Φ(ŷ[n−1] − y⋆)‖2

2 + ω2‖e‖2
2

Useing the fact that the largest andKth squared singular
values ofΦΓ⋆ are bounded by(1 + µ1(K + 1)) and (1 −
µ1(K + 1)), we have

(1 − µ1(K − 1))‖(ŷ[n] − y⋆)‖2
2 ≤

ω2(1 + µ1(K − 1))‖(ŷ[n−1] − y⋆)‖2
2 + (ω2 − 1)‖e‖2

2

Becauseω < 1 this implies

‖ŷ[n] − y⋆‖2
2 ≤ c‖ŷ[n−1] − y⋆‖2

2,

where we usec = ω2(1+µ1(K +1))/(1−µ1(K +1)). (Note
that we could state this constant equally well in terms of the
restricted isometry constant.) By induction we therefore have

‖ŷ[n] − y⋆‖2
2 ≤ cn⋆‖y⋆‖2

2.

APPENDIX V
PROOF OFTHEOREM 6

Proof: We use the notationΦG = ΦΓ⋆ , whereΓ⋆ is
the support set ofy and define thebad set ΦB to be the
sub-matrix ofΦ containing only elements not inΓ⋆. Assume
the algorithm is successful, i.e it only selects elements from
ΦG. In this case, letr[n]

G be the residual in iterationn. This is
exactly the same sequence of residuals produced as if we run
the algorithm usingΦG only, that is the sequence of residuals
generated by the algorithm only depends onΦG and not on
ΦB. Therefore, the sequencer[n]

G is independent fromΦB

given that the algorithm succeeds.
We now argue by induction. Assume the algorithm has

selected only correct elements up to iterationn. The residual
r
[n]
G is the same residual we would have found if we had run

the algorithm withΦG only. r[n]
G is therefore independent from

ΦB. For the algorithm to select only elements fromΦG, we
require that

‖ΦT
Br[n]‖∞

‖ΦT
Gr[n]‖∞

< α.

If we run the algorithm forL iterations, we want to bound the
probability that all of these fractions are belowα, that is

P







⋃

n∈{1,2,...,L}

(‖ΦT
Br[n]‖∞

‖ΦT
Gr[n]‖∞

< α

)







.

We can bound this probability from below by the probability

P







⋃

n∈{1,2,...,L}

(‖ΦT
Br[n]‖∞

‖ΦT
Gr[n]‖∞

< α

)

and Σ







whereΣ is the event thatΦG has theKth singular value larger
than0.5. This probability can be written using the definition
of conditional probability

P







⋃

n∈{1,2,...,L}

(‖ΦT
Br[n]‖∞

‖ΦT
Gr[n]‖∞

< α

)

∣

∣

∣

∣

∣

∣

Σ







P {Σ} .

Condition M4 boundsP {Σ}. It therefore remains to bound
the conditional probability. Using a standard norm inequality
we have

‖ΦT
Br[n]‖∞

‖ΦT
Gr[n]‖∞

≤
√

K
‖ΦT

Br[n]‖∞
‖ΦT

Gr[n]‖2
≤ 2

√
K

‖ΦT
Br[n]‖∞
‖r[n]‖2

(8)

where the last inequality comes from the conditionΣ, which
states that theKth singular value ofΦG is greater than 0.5.

We now use the normalisation

u[n] =
r[n]

‖r[n]‖2
.
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Inserting r[n] = u[n]‖r[n]‖2 into the right hand side of
inequality (8), we get

‖ΦT
Br[n]‖∞

‖ΦT
Gr[n]‖∞

≤ 2
√

K‖ΦT
Bu[n]‖∞.

As argued above,r[n] and thereforeu[n] are independent
from ΦB so that M3 holds for the L vectorsu[n]. The
conditional probability is therefore lower bounded by

P







⋃

n∈{1,2,...,L}

(‖ΦT
Br[n]‖∞

‖ΦT
Gr[n]‖∞

< α

)

∣

∣

∣

∣

∣

∣

Σ







≥ P







⋃

n∈{1,2,...,L}

(

‖ΦT
Bu[n]‖∞ <

α

2
√

K

)

∣

∣

∣

∣

∣

∣

Σ







= P







⋃

n∈{1,2,...,L}

⋃

i/∈Γ⋆

(

|〈φi,u
[n]〉| <

α

2
√

K

)

∣

∣

∣

∣

∣

∣

Σ







=
∏

i/∈Γ⋆

P







⋃

n∈{1,2,...,L}

(

|〈φi,u
[n]〉| <

α

2
√

K

)

∣

∣

∣

∣

∣

∣

Σ







In the second to last line, we have used the fact that in order for
‖ΦBu[n]‖∞ < α

2
√

K
it is necessary that|〈φi,u

[n]〉| < α
2
√

K
for all i /∈ Γ⋆. We have then interchanged the unions and used
the independence of theφi to split the probability into the
product in the last line.

There areN − K elements not inΓ⋆. Using property M3,
we then have

P







⋃

n∈{1,2,...,L}

(‖ΦT
Br[n]‖∞

‖ΦT
Gr[n]‖∞

< α

)

∣

∣

∣

∣

∣

∣

Σ







≥
[

1 − 2Le−cα2M/(4K)
]N−K

Overall, the probability of success is larger than

[

1 − 2Le−cα2M/(4K)
]N−K

[

1 − e−cM
]

.

This can be cleaned up using the inequality(1 − x)k ≥
1 − kx, valid for k > 1 and x < 1. Dropping one positive
term, we then get a probability of success of more than

1 − 2L(N − K)e−cα2M/(4K) − e−cM

≥ 1 − (4L(N − K))e−cα2M/(4K)

If L ≤ K, then we can useL(N − K) ≤ K(N − K) ≤
N2/4 and get a success with probability more than

1 − N2e−cα2M/K

Therefore, if L ≤ K, the failure probability is δ ≤
N2e−cα2M/(K). ChoosingM ≥ cα−2K ln(N/δ) therefore is
sufficient to guarantee a failure probability of less thanδ.
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