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Abstract— Finding sparse solutions to underdetermined inverse
problems is a fundamental challenge encountered in a wide range
of signal processing applications, from signal acquisition to source
separation. Recent theoretical advances in our understanding of
this problem have further increased interest in their application
to various domains. In many areas, such as for example medical
imaging or geophysical data acquisition, it is necessary tofind
sparse solutions to very large underdetermined inverse problems.
Fast methods have therefore to be developed.

In this paper, we promote a greedy approach. In each iteration,
several new elements are selected. The selected coefficients are
then updated using a conjugate update direction. This is an ex-
tension of the previously suggested Gradient Pursuit framework
to allow an even greedier selection strategy.

A large set of numerical experiments, using artificial and
real world data, demonstrate the performance of the method.
It is found that the approach performs consistently better than
other fast greedy approaches, such as Regularised Orthogonal
Matching Pursuit and Stagewise Orthogonal Matching Pursuit
and is competitive with other fast approaches, such as those
based onℓ1 minimisation. It is also shown to have the unique
property to allow a smooth trade-off between signal sparsity (or
observation dimension) and computational complexity.

Theoretical properties of the method are studied in a compan-
ion paper [2].

Index Terms— Sparse Representations/Approximations, Or-
thogonal Matching Pursuit, Weak Matching Pursuit, Gradient
Pursuit, Stagewise Selection, Compressed Sensing.

I. I NTRODUCTION

Sparse signal expansions are general signal models, appli-
cable to a wide range of signals, that approximate a signal
using a linear combination of a small number of elementary
waveforms selected from a large collection. These models have
over the last few years found applications in a wide range
of areas, from source coding [3] to de-noising [4], source
separation [5] and signal acquisition [6] (i.e. compressed
sensing).

A sparse signal model is specified by a matrixΦ ∈ R
M×N

with typically more columns than rows, that is withM < N .
Φ is often known as the dictionary or the measurement matrix,
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depending on the application. The column vectorsφi of Φ are
sometimes called atoms and are here assumed to be of unit
length unless stated otherwise. Given an observationx ∈ R

M ,
a sparse signal model approximatesx using a small subset of
columns fromΦ, i.e.

x̂ = Φŷ,

whereŷ is a vector with most of it’s elements being zero. If
we allow for a non-zero errorn = x − x̂ we talk about a
signalapproximation, while if x̂ = x we have an exact signal
representation.

If M < N , then there are an infinite number ofŷ such that
x = Φŷ. The problem is then to find an estimateŷ that is
sparse, such that the norm ofn is small. Whilst there are a
range of ways in which sparsity could be measured, the most
typical is probably to count the number of elements ofŷ that
are non zero. Even though this is not a norm, we denote this
‘numerosity’ as‖ · ‖0, informally calledℓ0 norm.

The problem of finding a vector̂y with minimal ℓ0 norm,
under constraint on‖n‖2 is known to be NP-hard in gen-
eral [7], [8] and different sub-optimal strategies are usedin
practise. Commonly used strategies are typically based on
convex relaxation, non-convex (often gradient based) local
optimisation or greedy search strategies. Convex relaxation,
one of the most popular strategies at the moment, is used
in algorithms such as Basis Pursuit and Basis Pursuit De-
Noising [9], the Least Absolute Shrinkage and Selection
Operator (LASSO) and Least Angle Regression (LARS) [10].
Recently, fast algorithms solving the LASSO or the Basis
Pursuit De-Noising problem have been suggested in [11], [12]
and [13]. Non-convex local optimisation procedures include
the Focal Underdetermined System Solver FOCUSS [14] and
re-weightedℓ1 minimisation [15] while Bayesian approaches
include the Relevance Vector Machine, also known as Sparse
Bayesian Learning [16] [17] or Monte Carlo based approaches
such as those in [18], [19] and [20]. Another very popular
approach is to use greedy algorithms, the most important of
which are Matching Pursuit (MP) [21], Orthogonal Matching
Pursuit (OMP) [22] and Orthogonal Least Squares (OLS) [23],
also often known as ORMP, OOMP or, in the regression
literature, as forward selection. OMP typically shows greatly
superior performance to MP, however, OMP is more costly in
both computation time and storage requirement.

There are two main problems associated with the application
of OMP to large data sets. On the one hand, the computation
cost per iteration is high, both in terms of storage and com-
putation. This problem was addressed in [24], where we have
introduced a quite general framework for greedy algorithms,
called collectively Gradient Pursuits (GP). Based on this
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idea, we have developed two particular algorithms, with the
computational complexity of MP, but with performance more
akin to OMP. Compared to OMP, this has greatly reduced the
computational and storage requirements per iteration, making
the method applicable to large data sets. This approach is
reviewed in section II-B.

However, another performance limitation of greedy methods
such as MP, OMP as well as the Gradient Pursuits algorithms
of [24], is that these methods select a single element per
iteration. They have therefore to be run for at least as many
iterations as there are non-zero elements in the solution. The
remainder of this paper addresses this issue and develops a
Stagewise Weakselection procedure that will allow several
elements to be selected in each iteration. This, combined with
the strategies from [24], will be shown to lead to very fast
and efficient algorithms to solve the sparse signal modelling
problem.

A. Paper Overview

The developments in this paper are extensions of Orthogonal
Matching Pursuit (OMP), which will be reviewed in subsection
II-A, whilst subsection II-B reviews the Gradient Pursuit
framework of [24].

Two previously suggested methods that select several ele-
ments per iteration are then discussed in section III. To over-
come some of the problems associated with these methods, we
devise what will be called aStagewise Weakselection strategy.
Using this method with OMP leads to the Stagewise Weak Or-
thogonal Matching Pursuit (SWOMP) algorithm. Experimental
results in subsection V-A will highlight the advantage of this
approach.

To further reduce the computational cost, we combine the
Stagewise Weak selection with Gradient Pursuit in section
IV. Section V presents numerical results that demonstrate
the advantages of this approach when compared to other fast
algorithms.

B. Notation

The algorithms in this paper are iterative and the current
iteration will be iterationn. The algorithms will keep track of
a set Γ[n] of indices, that will be grown in each iteration.
These indices label a subset of columns from a matrixΦ

and, using the index set as a subscript, the matrixΦΓ[n]

will be a sub-matrix ofΦ containing only those columns
of Φ with indices inΓ[n]. The same convention is used for
vectors. In general, the superscript in the subscript ofŷΓ[n]

reminds us that we are in iterationn, on occasion, however,
we resort to using additional superscripts (e.g.ŷ[n]) to label
the iteration. The gram matrixGΓ[n] = ΦT

Γ[n]ΦΓ[n] will also
be used frequently. In general, lower case bold face characters
represent vectors while upper case bold characters are usedfor
matrices. Individual elements from a vector will be in standard
type face with a subscript. For exampleg will be used to refer
to a negative gradient vector withgi denoting theith element
of this vector. Inner products between vectors will often be
written using angled brackets, e.g.〈x,y〉 = xTy. We will
further use the hat̂· to distinguish an estimated quantity from
the true quantity, which will be written without the hat.

II. GREEDY PURSUITS

The algorithms discussed in this paper are generalisations
of the Gradient Pursuit framework presented in [24], which in
turn was developed as a generalisation of Orthogonal Matching
Pursuit. We therefore review these two algorithms in this
section.

A. Orthogonal Matching Pursuit

Orthogonal Matching Pursuit (OMP) is an iterative algo-
rithm that tries to find a ‘small’ setΓ and a vector̂yΓ to
approximatex by

x̂ = ΦΓŷΓ.

OMP is initialised by setting the first residualr[0] = x, setting
ŷ[0] = 0 and the setΓ[0] = ∅. Each iteration updates these
three quantities as follows:

1) Select asingle column from Φ based on the inner
productsΦT r[n] and add its index toΓ[n−1].

2) Update the estimate of̂y by solvingŷ
[n]

Γ[n] = minŷΓ
‖x−

ΦΓ[n]ŷΓ[n]‖2
2.

3) Update the residualr[n] = x − ΦΓ[n]ŷ
[n]

Γ[n] .
In step (1), new elements are selected based on the inner

products between the column vectors ofΦ and the current
residual. These inner products are calculated as

g[n] = ΦT r[n−1]. (1)

OMP selects asingleelement and adds it to the index set

Γ[n] = Γ[n−1] ∪ argi max |g[n]
i |.

In an exact implementation of OMP elements will only be
selected once, because the orthogonal projection used in
the coefficient update (see below) ensures that the residual
r[n] is orthogonal to all columns inΦΓ[n] . However, if this
orthogonalisation is only approximated as, for example, inthe
Stagewise Orthogonal Matching Pursuit (StOMP) algorithm
[25] (discussed below) or in Gradient Pursuit [24], it is advis-
able (both from theoretical arguments and empirical evidence)
to allow the algorithm to re-select elements.

After updating the setΓ[n] the coefficientŝy[n] are updated
using ŷ

[n]

Γ[n] = Φ
†

Γ[n]x whereΦ
†

Γ[n] is the pseudo inverse of
ΦΓ[n] . In an efficient implementation, the pseudo inverse is in
general not calculated explicitly in each iteration. Instead, fast
implementations of OMP either keep track of a QR factori-
sation ofΦΓ[n] , which is updated efficiently in each iteration
or, alternatively, keep track of a Cholesky factorisation of the
Gramm matrixG

[n]

Γ[n] = ΦT
Γ[n]ΦΓ[n] which is also updated

from iteration to iteration. More details on these methods can
be found in, for example, [24].

Finally, the residual is updated. The new residual isr[n] =

x−ΦΓ[n]y
[n]
Γn , however, depending on the detailed implemen-

tation of the algorithm, the matrix vector product can oftenbe
replaced by a fast recursion.

For problems in whichΦ is large, two problems arise.
Firstly, storage ofΦ can be problematic. Secondly, matrix
vector products involvingΦ or its adjoint are costly. Therefore,
in many applications,Φ is designed with additional structure.
This means thatΦ does not have to be stored explicitly and
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that matrix vector products involvingΦ and its adjoint can
be evaluated more efficiently. For example, if the fast Fourier
transform is used, the computation time can often be reduced
to be O(N log M) instead of theO(MN) for unstructured
matrices.

B. Gradient Pursuit

To overcome several of the shortcomings of OMP discussed
above, we have previously argued to approximate the orthog-
onal projection using directional optimisation, which canbe
done much more efficiently [24]. The Gradient Pursuit family
of algorithms uses directional optimisation to updateŷ[n−1]

in each iteration.

y[n] = y[n−1] + βd[n].

Whilst the updates in Matching Pursuit and Orthogonal
Matching Pursuits also fall into this framework, different
directionsd[n] might be beneficial. In [24], the gradient and
an approximate conjugate gradient method were suggested. In
the gradient based approach, the update direction is

d
[n]

Γ[n] = g
[n]

Γ[n] = ΦΓ[n](x − ΦΓ[n]ŷ
[n−1]

Γ[n] ). (2)

The (approximate)1 conjugate gradient method uses the direc-
tion

d
[n]

Γ[n] = g
[n]

Γ[n] + ωd
[n−1]

Γ[n] , (3)

whereω is calculated such that〈ΦΓ[n]d
[n]

Γ[n] ,ΦΓ[n]d
[n−1]

Γ[n] 〉 = 0,
that is, consecutive update directions areconjugate.

Importantly, we have recently found an additional recursion,
not given in [24], that allows the approximate conjugate
gradient to be calculated more efficiently, so that the evaluation
of the gradient and the approximate conjugate gradient have
roughly equal computation costs. What is more, we have now
also a proof of the convergence of the approximate conju-
gate gradient method that guarantees that using (3) reduces
the residual’sℓ2 norm more than using (2). Both, the new
recursion as well as the convergence proof can be found in the
companion paper [2]. Finally, extensive experimental evalua-
tions [24] have shown that the approximate conjugate direction
based approach outperforms the gradient based method in
general.

When compared to the original OMP approach, the perfor-
mance of this directional update step was shown [24] to offer
significant advantages in terms of computational requirements,
while on the other hand, leading to only minor decreases in
performance. We therefore endorse the use of the approxi-
mate conjugate gradient approach, which for simplicity will
be called Conjugate Gradient Pursuit (CGP) throughout this
paper.

III. G REEDIERPURSUITS: FROM THRESHOLDING TOOMP

Having thus significantly reduced the computational com-
plexity of each iteration, we now turn to the problem of
reducing the overall number of iterations. Before introducing

1Approximate, because the method only guarantees conjugacyof the current
update direction to the previous update direction, but not to all previous update
directions [24].

our proposed solution, we briefly review two other strategies
that have recently been put forward to select several elements
per iteration in an OMP type algorithm. Both of these methods
use the inner productsgi = φT

i r[n−1] to select new elements.

A. Stagewise Orthogonal Matching Pursuit (StOMP)

The first approach, called Stagewise Orthogonal Matching
Pursuit (StOMP) [25], calculates a threshold

λstomp = t‖r[n−1]‖2/
√

M.

All those elements whose inner products have a magnitude
larger than this threshold are then selected. The set of indices
is therefore updated as

Γ[n] = Γ[n−1]
⋃

{i : |gi| ≥ λstomp}. (4)

As mentioned above, in [25], instead of calculating an exact
orthogonalisation, i.e. instead of calculatingŷ[n]

Γ[n] = Φ
†

Γ[n]x

using QR or Cholesky factorisation, the authors suggested to
approximate this orthogonalisation using a few iterationsof
a conjugate gradient solver. The motivation behind this was
based on the assumption that sub-matrices of random matrices
are well behaved as their condition number is small. See also
our discussion regarding the convergence of gradient based
algorithms presented in [2].

StOMP was developed explicitly for problems in whichΦ
has been generated from a Uniform Spherical Ensemble, i.e.
the columns ofΦ are drawn uniformly from the unit sphere.
Performance guarantees for this method when applied to more
general matrixesΦ are therefore not available. Also, the
selection of the parametert required in the method is critical
for its performance, but there do not seem to be any intuitive
guidelines available for this other than the suggestion in [25]
to use a value between 2 and 3. Furthermore, a problem when
using the residual to define a threshold is that the algorithm
might (and in our experience sometimes does) get ‘stuck’
when all inner products fall below the threshold. It would then
be necessary to reduce the parametert. In many of our own
experiments, this approach has therefore shown mixed results.

B. Regularised Orthogonal Matching Pursuit (ROMP)

In compressed sensing, one important direction of recent
research was to study conditions on the sizeM of the observa-
tion x that allow uniform performance guarantees for different
algorithms, that is, guarantees under which, for a givenΦ,
a given algorithm will reconstructall K sparse signals. It
has been shown that for many greedy algorithms such as
OMP, the required conditions onM to allow such uniform
guarantees are not as good as those forℓ1 based approaches.
These theoretical considerations led to the introduction of the
Regularised Orthogonal Matching Pursuit (ROMP) algorithm
[26], [27]. In this strategy the inner productsgi are grouped
into setsJk, such that the elements in each set have a similar
magnitude, i.e. they satisfy

|gi| ≤
1

r
|gj|, for all i, j ∈ Jk.

ROMP selects the setJk for which ‖gJk
‖2 is largest.
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In [26], [27], r was assumed to be 0.5. In this case, the
algorithm was shown to have uniform performance guarantees
similar to those ofℓ1 based methods. Whilst these results
indicate that, asymptotically for very largeN , the perfor-
mance of ROMP should be better than that of OMP, the
particular constants involved in the theoretical guarantees are
significantly smaller than those in the equivalent statements
for ℓ1 methods. Unfortunately, practice is often far from
asymptotia. Also, in many practical situations, one might be
more interested in average rather than uniform performance. In
almost all practical applications we have studied, the average
performance of ROMP was notably worse than that of OMP
or StOMP.

C. Stagewise Weak Orthogonal Matching Pursuit (SWOMP)

Instead of using the norm of the residual to define a
threshold for element selection as done in StOMP, we propose
the use of a threshold based on the maximum of|gi|. This idea
was inspired by theWeak Matching Pursuitalgorithm [28].
Weak Matching Pursuit is a method developed for large or
infinite dimensional problems in which not all inner products
can be evaluated explicitly. To accomplish this, a weakness
parameterα ∈ (0, 1] is introduced into the selection criterion.
Weak Matching Pursuit selectsany oneelement such that

|gj | ≥ α max
i

|gi|.

Instead of selecting asingle element satisfying the above
condition, in applications in which all the inner products are
available, one can selectall element that satisfy this condition.
This selection strategy will be callstagewise weakselection.
Using this approach, the set of indices is updated as

Γ[n] = Γ[n−1]
⋃

{i : |gi| ≥ α max
j

|gj |}, (5)

that is, we selectall elements that come within a factor ofα
of the largest inner product (in magnitude).

Let us briefly consider the relationship between the StOMP
selection and this stagewise weak selection. Both algorithms
select atoms by applying thresholding to|ΦT rn−1|. For the
stagewise weak selection we have:

λwss = α||ΦT rn−1||∞.

Using norm inequalities we can see that:

α
√

M

t
√

N
σM (Φ)λstomp ≤ λwss ≤ α

t

√
Mσ1(Φ)λstomp (6)

whereσk(Φ) denotes thekth singular value ofΦ. We thus
see that the two thresholds are similar, however the key
difference lies in the fact that the stagewise weak threshold is a
function of the correlation between the atoms and the residual
rather than only a function of the residual. This allows us to
extend OMP recovery results to stagewise weak algorithms.
We present these in the companion paper [2].

When using the stagewise weak selection in OMP, we get
a Stagewise Weak OMP (SWOMP) algorithm. An important
property of such a strategy worth stressing is that by changing
α, SWOMP interpolates between two well known methods for

sparse approximation. A thresholding algorithm is obtained
with small α, whilst for α = 1 SWOMP becomes standard
OMP.

IV. FASTER AND GREEDIER: PUTTING IT ALL TOGETHER

Whilst it might seem intuitive that using fewer iterations
will lead to a faster algorithm, this is not necessarily true
when using a stagewise selection strategies with traditional
implementations of OMP. For example, in the QR or Cholesky
factorisation based implementations of OMP, the QR or
Cholesky factorisations have to be updated foreach of the
newly selected elements. Overall, there will be as many of
these updates as there are elements to be selected. As the
updates dominate the computation cost, the computational
advantage of using stagewise selection strategies with OMP
are therefore small.

Instead, StOMP [25] used a small number of conjugate
gradient steps in each iteration to approximate the required or-
thogonalisation. We promote the use of the Conugate Gradient
Pursuit algorithm to do the required approximate orthogonal-
isation. The selection step in the Conjugate Gradient Pursuit
algorithm of section II-B is replaced by the stagewise weak
selection step in (5) such that the overall number of iterations
is potentially reduced significantly, while the computational
complexity of each iterations remains the same as that of the
standard Conjugate Gradient Pursuit method. This approach
will be referred to as a Stagewise Weak Conjugate Gradient
algorithm (SWCGP).

The weak selection strategy has now been incorporated into
the implementation of CGP in the sparsify matlab toolbox
to be found on the first authors web-page. The algorithm is
accessible through the call to function greednomp (nomp for
Nearly Orthogonal Matching Pursuit).

V. NUMERICAL EVALUATION

Let us now turn to a numerical evaluation of the approaches
discussed in this paper. We start by comparing the three
stagewise selection stategies. In this experiment, we use these
together with the full orthogonalisation of OMP. Whilst this
combination does not offer significant computational advan-
tages, it allows a study of the selection steps in isolation,
without any effects introduced by the approximation procedure
used for the orthogonalisation. The other experiments then
look at the combination of the stagewise weak strategy with
Conjugate Gradient Pursuit.

A. Experimental Comparison of Stagewise OMP algorithms

In the first set of experiments we evaluate the performance
of the different selection strategies when used in conjunction
with the exact orthogonalisation to estimate the coefficients.
We here used a QR factorisation based approach to calculate
this orthogonalisation.

The data for the experiments was produced as follows.
Φ ∈ R

128×256 was generated by drawing each column
independently and uniformly from the unit sphere.y was
generated by drawing the firstK elements from i.i.d. normal
distributions. The observations were generated asx = Φy+n
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Figure 1: Normal distributed non-zero coefficients. Exact re-
covery performance of SWOMP, StOMP, ROMP, OMP, GPSR
and Lasso for different observation SNR values (from top right
to bottom left in performance SNR = 120dB, 60dB, 30dB,
15dB (Note, the 120dB result are the same as those found with
no noise, i.e.∞dB.)). The abscissa shows the ration between
non-zero elementsK and the observation dimensionM . All
results averaged over 10 000 realisations.

wheren was i.i.d. Gaussian noise, which was normalised so
that the observations had a specified signal to noise ratio
(SNR). We varied the number of non-zero elementsK and
the SNR (∞dB, 120dB, 60dB, 30dB, and 15dB). All results
are averaged over 10 000 problem realisations.

We compared OMP, StOMP, ROMP2 and our stagewise
weak OMP algorithm (SWOMP). We further show the results
obtained by optimising the cost function‖x−Φy‖2

2 + λ‖y‖1

with λ = 0.001K (followed by an orthogonal projection onto
the non-zero elements). We here used the GPSR algorithm of
[12]. In addition we also optimised the LASSO cost function
‖y‖1 under the constraint that‖x−Φy‖2 ≤ ǫ using the homo-
topy based algorithm of [10] as implemented in the SparseLab3

toolbox (available at http://sparselab.stanford.edu/).
The important difference between GPSR and LASSO is that

2Note that, in all of our experiments, we used the same selection strategy
for ROMP used in the code provided by the authors of [26]. In line with
the theory developed in [26], this selection strategy only considers disjoint
subsets for elements selection and not all subsets. This is faster but reduces
the empirical performance of the method somewhat.

3Note also that the Lasso solution can also be found with the algorithm in
[13], which in our experience is faster than the SparseLab implementation,
however, we found it to be slower than the GPSR method.
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Figure 2: Normal distributed non-zero coefficients. Average
SNR of recovered coefficient vector for SWOMP, StOMP,
ROMP, OMP, GPSR and Lasso for different observation SNR
values (from top right to bottom left in performance SNR
= ∞dB, 120dB, 60dB, 30dB, 15dB ). The abscissa shows
the ration between non-zero elementsK and the observation
dimensionM . All results averaged over 10 000 realisations.

in GPSR we have to specifyλ whilst for LASSO we specifyǫ
(which in our experiments was set to‖n‖2). In general, if we
would have the ‘correct’ choice ofλ for each problem instance,
the algorithm would perform as well as LASSO. However,
finding this λ is non-trivial as it is not just a function ofK,
but depends also onn andy. Our choice ofλ was therefore a
compromise such that the algorithm chose on average as many
elements as the greedy strategies.

OMP, StOMP, ROMP and SWOMP, were run until they had
selectedtwice as many elements as were used to generate the
observations4. For StOMP, ROMP and SWOMP, we used the
parameterst = 2.5, r = 0.5 andα = 0.7.

Figure 1 compares the algorithms in terms of their per-
formance in identifying the exact location of the non-zero
elements in the coefficient vector used to generate the signal.
The abscissa shows the ratio between the number of non-zero
elementsK used to generate the signal and the observation
dimensionM .

4Note that in the noiseless case and for randomΦ, if there is aK-sparse
vectory, such thatx = Φy and if K/M < 0.5, this vector will be unique
almost surely as any other vectory s.t. x = Φy will have more than2K
non-zero elements. Therefore, any2K-sparse vector that satisfiesx = Φy

has to be equal to the uniqueK-sparse vector [26].
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Figure 3: Bernoulli distributed non-zero coefficients. Exact
recovery performance of SWOMP, StOMP, ROMP, OMP,
GPSR and Lasso for different observation SNR values (the
top right curves overlap and are the results found for a SNR
of ∞dB, 120dB, 60dB and 30dB, whilst the bottom left curve
is the result for 15dB). The abscissa shows the ration between
non-zero elementsK and the observation dimensionM . All
results averaged over 10 000 realisations.

We classified the coefficients to be exactly recovered when-
ever the largest (in magnitude)K coefficients in the estimate
ŷ coincided with the locations of the non-zero elements in
the true coefficient vectory. Due to the selection criterion
in StOMP, this algorithm sometimes terminated before it
had selectedK elements. Similarly, the Lasso and GPSR
algorithms also on occasions selected less thanK elements. In
these cases, we classified the results as not exactly recovered.

One important aspect of the experiment was that we here
recovered twice as many non-zero elements as were used
to generate the signal. Using this, it can be seen that OMP
outperforms the Lasso algorithm, at least for normally dis-
tributed non-zero coefficients (see however the results below
for Bernoulli coefficients). More importantly, the SWOMP
algorithm, with a weakness factor of 0.7, also performs better
than Lasso. Whilst the theoretical results for greedy strategies
are typically worse than those forℓ1 based approaches like
Lasso, these results suggest that there might be better results
possible for greedy strategies at least on average. However, it
seems to help to allow the algorithm to select several incorrect
elements as done here. When running the greedy algorithms
until they had selected as many elements as there were non-
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Figure 4: Bernoulli distributed non-zero coefficients. Average
SNR of recovered coefficient vector for SWOMP, StOMP,
ROMP, OMP, GPSR and Lasso for different observation SNR
values (from top right to bottom left in performance SNR
= ∞dB, 120dB, 60dB, 30dB, 15dB ). The abscissa shows
the ration between non-zero elementsK and the observation
dimensionM . All results averaged over 10 000 realisations.

zero elements, the performance was somewhat worse than
those shown here, however, OMP was still comparable in
performance to the Lasso method.

Exact recovery is not the only story, especially for noisy
observations, where it might be more instructive to look at the
signal to noise ratio (SNR) of the estimateŷ. This is done in
figure 2, where we show the averaged SNR values in dB5.

For comparison, we repeated the experiment using Bernoulli
distributed non-zero coefficients. The results are shown in
figure 3 and figure 4 respectively. It is known that theℓ1

methods are insensitive to different distributions of the non-
zero coefficients, whilst greedy approaches such as OMP are
typically assumed to perform worse if the non-zero coefficients
are all of similar magnitude. This can also be observed here.
It is also worth noting that the apparent improvement in the
performance of GPSR in terms of exact recovery is here
mainly due to the fact that with the value used for the
regularisation parameterλ, which we set to the same value
as in the other experiment, the method typically recovered
far more non-zero elements than were required. There was
therefore no improvement in terms of the SNR performance.

5We here first converted the SNR values to dB, and then averaged.
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Figure 5: Normal distributed non-zero coefficients. Compar-
ison between SWOMP, StOMP, ROMP for different param-
eters. The parameters used are shown above each panel (for
SWOMP, from left to right,α = 0.1, 0.3, 0.5, 0.7 and 0,9,
for StOMP, from left to right, t = 2,4, 3.5 3 and 2.5 and for
ROMP, from left to right, r = 0.05, 0.5, 0.83, 0.98 and 1).
The abscissa shows the ration between non-zero elementsK
and the observation dimensionM . All results averaged over
10 000 realisations.

It is also interesting to note that with Bernoulli coefficients,
the recovery performance of all approaches seems much more
robust against noise, so much in fact that the curves for SNR
values of∞dB, 120dB, 60dB and 30dB basically lay on top
of each other, whilst only the curve for an observation SNR
of 15dB is markedly different.

In a second set of experiments we evaluated the influence
of the parameterst, r and α on the performance of the fast
selection strategies. The experimental setup was here the same
as in the first experiment above. It should be noted that in
the development of ROMP in [26],r was assumed to be 0.5.
However, this parameter can be set to a more general value
between0 and 1. In this case the theoretic bounds in [26]
do not hold in general6. The results, again in terms of exact
recovery, are shown in figure 5. Note that in this figure, the

6Interestingly, usingr = 1, the algorithm is virtually identical to OMP.
In this case, the theoretic results in [26] would qualitatively reduce to those
available for OMP [29].

parameters are shown above each of the panels. Importantly,
(in particular for StOMP) the parameters are shown in that
order in which the associated graph appears in the panel. While
for ROMP and SWOMP, a decrease in the parameter leads to
a decrease in performance. This is not true for StOMP. Here, a
parameter of 2.5 works better than larger or smaller values in
general. However, very sparse signals are often not recovered
with this parameter as the algorithm often stopped before it
had selectedK elements.

Whilst StOMP and SWOMP can both perform well, the
influence of the parametert in StOMP is more complicated
than the smooth decay in performance observed for SWOMP.
ROMP, even though it has certain nice theoretic properties
when r = 0.5, does show significantly worse average per-
formance when compared with SWOMP and StOMP. When
increasingr and α to one, both ROMP and SWOMP are
effectively OMP, it is therefore not surprising that they both
have comparable performance in this limit. However, the
number of iterations both methods used when, for example
α = 0.5 and r = 0.98 (notice the performance of these
methods is similar in this case) were quite different. In this
case for a sparsenessK/M = 0.2, ROMP used on average
nearly four times as many iterations than SWOMP. As the
cost for each iteration is the same, SWOMP was significant
faster than ROMP when the parameter was adjusted such that
both methods had a similar recovery performance.

B. SWCGP vs OMP and MP

The next step is to evaluate the influence of replacing the
exact orthogonalisation with the conjugate gradient update in
(3) and to evaluate the influence of varyingα. We therefore
repeated the above experiment using the SWCGP algorithm.
We here only run the method until it had selectedK elements.
Figure 6 studies the influence of the weakness parameterα.
For α = 1, the method is equivalent to CGP. For comparison,
also shown are the results obtained with OMP and Matching
Pursuit (MP).

It is clear that weakening the selection criterion reduces (in
a controlled manner) the recovery performance. The advantage
of this is a reduction in computational cost. This is shown in
figure 7. Here the curves correspond to (from top to bottom)
α decreasing from1 in steps of0.05. The top curve indicates
that the computational cost for CGP (SWCGP withα = 1.0)
grows linearly with the number of non-zero coefficients. In
contrast forα < 1.0 the computational cost grows much more
slowly. It should be noted here that these figures do not fully
capture the performance of SWCGP since the dictionaries used
do not have a fast implementation. However they do provide
a fair relative comparison between different values ofα.

C. Evaluation on different signal processing problems

In order to compare and showcase the performance on
a set of different problems often addressed with sparse
approximation techniques, we choose six diverse prob-
lems from the SPARCO matlab toolbox (available at
http://www.cs.ubc.ca/labs/scl/sparco/).
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Figure 6: Comparison between Matching Pursuit (dotted), Or-
thogonal Matching Pursuit (dashed) and Stagewise Conjugate
Gradient Pursuit (solid) in terms of exactly recovering the
original coefficients. The ordinate shows the fraction of runs in
which the algorithms exactly recovered the index setΓ used to
generate the data while the abscissa shows the ratio of the size
of Γ to the dimension ofx. Results averaged over 10 000 runs.
The solid lines correspond to (from left to right):α = 0.25 to
1.0 in steps of0.05.
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Figure 7: Comparison of the computation time for SWCGP
with the different values of alpha as in figure 6. The curves
correspond to (going from top to bottom):α = 1 to 0.25 in
steps of0.05.

Problem 7 is a compressed sensing problem in which a
signal with non-zero elements all having the same magnitude
is to be recovered from a small number of Gaussian random
measurements. The problem size7 is M=600, N=2,560, K=198.

Problem 402 is a source separation problem. Three audio
sources are mixed using an instantaneous mixing system to
give two observations. To invert the underdetermined mixing
system and separate the sources, the original audio is assumed
to be sparse in a localised discrete cosine transform basis.The
problem size is M=29,166, N=86,016, K=14,583.

7The sparsityK is the number of non-zero elements extracted with the
greedy algorithms.
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Figure 8: Observed signal, original signal and reconstruction
using SWCGP (α = 0.5) above SNR in dB of estimate
calculated with different approaches and computation time.
With (+) and without (o) normalisation of columns.
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Figure 9: Observed signal, original signal and reconstruction
using SWCGP (α = 0.5) above SNR in dB of estimate
calculated with different approaches and computation time.
With (+) and without (o) normalisation of columns.

Problem 502 is another compressed sensing problem8 in
which an artificial angiogram (sparse in the spatial domain)is
to be reconstructed form a subset of measurements taken in the
2D fourier domain. The problem size is M=10,000, N=10,000,
K=4,000.

Problem 701 is an image de-blurring example. The image
is assumed to be sparse in the wavelet domain. The problem
size is M=65,536, N=65,536, K=9,000.

Problem 703 is a missing data problem in which scratches
are to be removed from a fingerprint image, which is assumed
to be sparse in the 2D curvelet domain. The problem size is
M=11,013 , N=125,385, K=5,000.

Problem 901 is another missing data problem in which
missing traces from a seismic recording are to be recovered,
again assuming sparsity in the 2D curvelet domain. The
problem size is M=41,472, N=480,617, K=8,000.

For each problem, the observation (possibly mapped back
using a linear projection into the signal space), the signal
and the signal estimate calculated with the Stagewise Weak
Conjugate Gradient (SW) algorithm withα = 0.5 are shown
at the top of each panel in figures 8 and 9. Below this we
show the error in estimating the signal (SNR in dB) above
the computation time required by the different methods in
seconds (all simulations were run in matlab on a Macintosh
2.5Ghz quad G5 computer). We here compare the Stagewise
Weak (SW) CGP algorithm, (α ∈ {0.5, 0.8}), the Stagewise
(St) CGP algorithm (t ∈ {2.2, 2.5, 2.8}), the regularised
(R) CGP algorithm (r ∈ {0.5, 0.8, 0.99}) and the GPSR
algorithm. The Stagewise Conjugate Gradient algorithm used
the selection strategy in (4) together with the update strategy of
the conjugate gradient pursuit algorithm. Similarly, regularised
CGP used the selection strategy of ROMP.

For all algorithms we selected the stopping criterion as
well as the regularisation parameter required in GPSR by
trial and error until the observed SNR was optimal. Whilst
this is not possible in practice, it allows a more or less
fair comparison of the methods. All greedy algorithms used
the approximate conjugate gradient update step and differed
only in the element selection step. The difference in the
computation time observed with these methods is therefore
purely due to the different number of iterations used.

The matricesΦ available in the SPARCO toolbox have
columns of different norm. As the algorithms compared here
will favour columns ofΦ that do have a largerℓ2 norm, it is
in general desirable to design the measurement system with
equal norm columns. Otherwise, it is often possible to pre-
calculate the norm of the columns ofΦ. However, if this
is also not feasible, a possibly sub-optimal approach would
ignore the difference in norm. To study the influence of this
normalisation, the results shown in figures 8 and 9 were
therefore calculated with (+) and without (o) normalisation.

Comparing the SNR results for the different greedy strate-
gies, it is evident that SWCGP performs consistently better
than the other greedy approaches. GPSR on the other hand

8Note that GPSR did diverge on this problem (whatever the usedparameters
for the algorithm). The results shown here are therefore those obtained after
a single iteration. The algorithm from [13] did not diverge and obtained an
SNR value comparable to the SWCGP method.
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can be seen to rival SWCGP in terms of SNR as well as
computation time. SWCGP therefore seems to offer a com-
petitive alternative toℓ1 based approaches that is applicable
in a diverse range of settings to solve a large range of signal
processing challenges.

D. Medical Imaging example

Compressed sensing [6] is a recent development based
on sparse signal modelling ideas. One particularly promising
application domain of this technique is Magnetic Resonance
Imaging (MRI) [30] and we take our next example from this
area using the Shepp-Logan phantom.

Acquiring MRI images is equivalent to taking one dimen-
sional slices from the 2-dimension Fourier domain of the
image. For rapid MR imaging it is desirable to take only a
subset of these slices. For example one could take a reduced
number of radial lines of the Fourier domain data. In order
to reconstruct the original image, we utilize the fact that
the image has a sparse representation in the Haar wavelet
transform.9 For this particular image of size256×256, it was
observed that the original image is well approximated (over
300 dB peak signal to noise ratio) using only 4000 of the
wavelet coefficients.

The Shepp-Logan phantom, its sparse representation, and
both the fully sampled measurement data and the data sub-
sampled at approximately15% of Nyquist (42 radial lines in
the Fourier domain) are shown in figure 10. As shown in [24],
this is roughly the limit for OMP to be able to fully reconstruct
this image.

In [24] the performance of gradient pursuits with updates
(2) and (3), as well as those of OMP and variousL1 methods
was reported for this problem. Here we examine the speed
and performance of SWCGP forα between0.5 and1.0. The
results are presented in table I. In each case the algorithm was
stopped once at least 4000 atoms were selected.10 Notice that
for this data it is possible to obtain an approximate speed upof
80 times using the stagewise algorithm instead of the stepwise
version. Even using a relatively conservative value forα, of
0.9, gave an 8 times reduction is computation time.

These improvements suggest that SWCGP should be a good
candidate for tackling very large-scale problems such as those
encountered in dynamic MRI imaging.

To test this, we used a subsampled version of a fully
sampled MRI image sequence of a beating mouse heart to sim-
ulate rapid imaging. The sequence consisted of 8 consecutive

9It is important to note that we here use a Haar wavelet basis asour sparse
representation and not a total variation based constraint as used for example
in [6].

10These simulations were performed using Matlab running on a 2GHz
Pentium PC.

I: Influence of α on: number of iterations; approximate
computation time and; PSNR performance (dB).

α 0.5 0.6 0.7 0.8 0.9 1.0
No. of iterations 51 81 214 293 474 4087

computation time (sec.) 19.4 33.3 82 114 182 1562
PSNR (dB) 59 79 311 311 309 301

Original / Reconstruction Haar Wavelet Transform

Frequency Domain Observation

Figure 10: Magnetic Resonance Imaging (MRI) example.
Original phantom image (top left), Fourier domain represen-
tation (bottom left), observation of 15% of the frequency
coefficients sampled along 42 radial lines (bottom right) and
sparse representation in Haar wavelet domain (top right).

256× 256 images of the heart. We here used a 3-dimensional
Haar basis as the sparse representation. As in the previous
example, measurements were taken using equally spaced radial
lines in the spatial Fourier domain for each image. To add a
degree of randomness the orientation of the lines was selected
uniformly at random for each image.

Figure 11 shows a plot of the original image sequence as
well as the reconstructed image sequence using SWCGP with
α = 0.7 (stopped after20, 000 atoms were selected). The
overall PSNR of the reconstruction was31.3dB. Furthermore
the reconstruction took 50 minutes (44 iterations), which is
a speed up of approximately 450 times (based on iteration
count) compared with the stepwise algorithm!

VI. D ISCUSSION AND CONCLUSION

Underdetermined inverse problems with a sparsity con-
straint on the solution are found in many areas of modern
signal processing. In this paper, we have introduced a greedy
strategy, that in each iteration selects several new elements.
The coefficients are then updated using a directional opti-
misation step in which the update direction is conjugate to
the previous update direction. This procedure addressed two
issues arising when Orthogonal Matching Pursuit is appliedto
large scale problems. On the one hand, the use of directional
optimisation reduces the computational cost of each iteration.
On the other hand, picking several elements in each iteration,
reduces the overall number of iterations required.

The use of the conjugate update direction was introduced
in an earlier paper [24]. The main focus in this paper was
therefore on the selection strategy. We have discussed the
prior art in this respect and highlighted several disadvantages
of current approaches. To overcome these, we presented a
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Figure 11: Dynamic MRI example. The original image se-
quence (top) and the image sequence reconstructed from20%
of the measurement data (bottom) using SWCGP with 44
iterations andα = 0.7.

Stagewise Weak selection strategy. Using this strategy in
OMP does not necessarily offer computational advantages,
which were achieved only when combining the stagewise weak
selection and the conjugate gradient update.

In this paper we presented a range of numerical experiments.
Synthetic data highlighted several properties of the method
and its good performance. In particular, the weakness param-
eter allowed a smooth trade-off between the sparsityK/M
and computational complexity of the recovery problem. The
application to a wide range of real world problems has shown
that the approach is competitive with other state of the art
approaches based onℓ1 minimisation, both in terms of speed
and performance. Finally, the application to dynamic MRI

imaging demonstrated the applicability to very large data-sets.
A study of theoretical properties of the proposed approach

can be found in the companion paper [2].
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