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Abstract: Through the use of diakoptical tech-
niques it is possible to solve the network equa-
tions for a power system using a parallel computer
architecture.  Traditional  parallel  solution
techniques give an unimpressive return on invest-
ment as more processors are applied to the
problem owing to unacceptably large sequential
sections of the algorithm and ill-balanced compu-
tational loads. The paper analyses the diakoptical
method using the factorisation tree as a tool. New
algorithms are proposed for network splitting,
node ordering and load balancing between pro-
cessors. This, in connection with a novel recur-
sively parallel solution algorithm, gives improved
speedup over the conventional parallel solution
method. Simulation results are presented which
confirm the usefulness of the method.

1 Introduction

The solution of large, linear, sparse network equations is
a recurrent problem in almost every algorithm in power
system analysis, e.g. load flow, state estimation, dynamic
simulation, security assessment, etc. The last two applica-
tions are time-critical and require a very fast response.
Parallel methods can offer a significant speedup but the
solution of the linear equations proves to be a major
bottleneck seriously hindering the prospect of real-time
solution [1]. This paper looks at the way in which the
direct, sparsity-oriented method of solution employing
one of the factorisation techniques [2-4], can be imple-
mented on cheap, off-the-shelf, message-passing, multiple
instruction multiple data (MIMD) parallel processing
systems, e.g. the inmos transputer family.

It was realised from the beginning [2] that the sim-
plest approach to a parallel solution is by clustering a
large network into several smaller, loosely connected sub-
networks. This approach has been extensively analysed
[5-7] and various tearing schemes have been proposed
[3, 8, 9]. The introduction of the factorisation tree
concept first for Cholesky factorisation [10] and then in
a power systems context [11] provided, in a compact
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form, a very powerful tool for looking at the parallelism
in factorisation and forward/backward (F/B) substitution
by describing the precedence relationship between the
elimination of nodes. From this the new approach of
sparse matrix inverse factors [11, 12] has been developed
and the traditional diakoptics-based methods have been
enhanced [13, 14].

The research reported in this paper has been spurred
on by the fact that the highest reported parallel speedup
did not exceed a value of about three or four even when
many processors were used on large networks.* We first
try to find the reason for such an unimpressive return on
investment of processing power and attempt to enhance
the traditional, diakoptics-based approach with the addi-
tional insight given by the factorisation tree. We prove
that factorisation tree-based clustering does not deterior-
ate sparsity of the factor matrices and propose a modified
node ordering algorithm. We look at how to tear the
network in an optimal way from the point of view of
scheduling tasks to individual processors. Finally, we
propose a novel recursively parallel solution method
which reduces the sequential part of the algorithm.

2 Standard method of parallel solution

A set of lincar network equations is usually of the form
Ax=1b )

where A4 is a nonsingular, admittance-type, sparse,
diagonally-dominant, symmetric (or incidence symmetric)
matrix of the order »n; x is the unknown solution vector
and b is the given independent vector, usually full. The
standard method of solution is to perform a sparsity-
oriented LU decomposition of 4 followed by forward/
backward (F/B) substitution.

Assume that the network, described by A, has been
divided into m independent subnetworks connected by
tearing (or cut-set) nodes. If the nodes within each sub-
network are numbered consecutively, and the cut-set

* The exception is the sparse inverse factors method [12] suitable for a
shared-memory, common-bus type architecture rather than the distrib-
uted MIMD. On the other hand, the research reported in Reference 1
shows that the several massive global communication steps required
again reduce the speedup gain to about four.
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nodes are numbered last, 4 will have the bordered block
diagonal form (BBDF) shown in eqn. 2, where subscript ¢
indicates cut (or torn) nodes:

Ay, Ay, || x2 b,
A3, Ay || %2 b,
’ : o e (]
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Ay, A, - A A, X bt

The factorisation of m subnetworks (rows/columns from
1 to m) is mutually independent and can be performed by
parallel processors. As all the communication between
the subnetworks is via the last cutset block A,,, the fac-
torisation updates to the elements of this block can be
added independently after all the processing of rows/
columns 1 to m is finished. The F/B substitution follows a
similar pattern of parallely processed subnetworks and
sequentially processed tearing nodes.

The efficiency of this standard parallel method
depends on the size of the cutset block A4,,. If a large
network is torn into a small number of subnetworks the
size of the subnetworks is much greater than the size of
the cutset block. This means that the amount of inter-
processor communication is low when compared with the
amount of uninterrupted computation on each processor
(coarse grain parallelism). Also, the share of the sequen-
tial part of the algorithm (factorising and solving the
cutset block) in the whole algorithm is small. The algo-
rithm can be implemented efficiently on a MIMD archi-
tecture and good performance can be expected. On the
other hand, if the network is torn into a greater number
of subnetworks the granularity of parallelisation of the
algorithm becomes finer, communication overheads grow
and the share of the sequential part of the algorithm (e.g.
processing of 4,) increases.

The influence of the sequential part of any parallel
algorithm on the expected speedup can be analysed using
Amdahl’s Law. The speedup S as a function of the
number of parallel processing elements m can be
expressed (in ideal conditions) as

S(m) = L

3

t5+;”

where T, ¢, and t, are the serial execution times of the
entire code, of the nonparallel code portion, and of the
parallel code portion, respectively. Dividing the numer-
ator and denominator by T yields

1
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where W, = t,/T is the share of the nonparallel part in the
total sequential execution time. Fig. 1 contains graphs of
8(m) for several values of W,. As little as 10% of the serial
code portion (i.e. W, = 0.1) restricts the expected speedup
to a value of six no matter how many processors are
used. Generally, the sequential part becomes more
important and causes faster saturation as the number of
processors is increased.

Factorisation of blocks from 1 to m introduces fill-ins
in the last block A4,. As the result the density of the
nonzero elements in this block is usually much higher
than that in the main subnetwork blocks, causing the
computational complexity of its factorisation to grow
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with a power of between two to three with the number of
nodes in it. This means that the share of the sequential
part of the code, represented by the processing of A4,,,
increases steeply with the number of processors. The
thicker line in Fig. 1 corresponds to an example analysed
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Fig. 1 Amdahi’s law

in Reference 16, in which it was assumed that the share of
A,, in the factorisation is only 1% when using four pro-
cessors. Increasing the number of processors to eight
results in a modest increase in the speedup but further
increase to 16 results in a rapid drop in the performance.

There are also other factors which contribute to the
unimpressive performance of the standard clustering-
based method. First, it is difficult to tear the network in
such a way that the clusters obtained give a balanced
computational load on each processor. Any imbalance
deteriorates the performance of the algorithm even
further. Secondly, the clustering itself influences the
optimal node ordering and may introduce additional fill-
ins slowing the algorithm even further [5, 7].

3 Use of factorisation tree for network clustering

The factorisation tree, or elimination tree, is one of the
most important tools for understanding the factorisation-
based solution of large, sparse linear equations. An excel-
lent overview of the role of factorisation trees, although
in relation to Cholesky factorisation, can be found in Ref-
erence 17. i

The factorisation path for any node k, called the child
node, is an ordered list of nodes starting at k. The list
contains the index of the first nonzero element in column
k of the lower triangular matrix L. This new node, the
parent node, is taken as a column and the process is
repeated until the last node is reached. Consider a simple
ten node system shown in Fig. 2a. Solid lines correspond
to the connections between the nodes, while dashed lines
correspond to fillins. Each node is labelled with a
number showing its position in minimum degree
minimum length (MDML) ordering [18]. Fig. 2b shows
the factorisation path graph or factorisation tree of the
network. The meaning of numbers labelling the tree
nodes is explained later.

As the factorisation path for each node determines a
precedence relationship in the factorisation and substitut-
ion phases, it follows that nodes which do not belong to
the same factorisation path can be eliminated in parallel.
The same holds for F/B substitution. This concept has
been used in References 13 and 14 to identify independ-
ent groups of nodes and to re-order the nodes in such a
way that nodes within each group are numbered con-
secutively with remaining nodes being numbered last. As
a result the 4 and LU matrices have a BBDF structure
and the whole procedure can be seen as a refined
clustering-based method. This fact has not been explicitly
recognised in the quoted papers and it is analysed here in
detail.
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First, it is necessary to introduce some concepts from
graph theory. A symmetric matrix 4 can be structurally
represented by an undirected graph G(A4) = (X(A), E(A4)),

6/6 6/6 6/6

Fig. 2
a Network diagram and fill-ins
b Factorisation tree with factorisation complexities/weights

Simple ten-node system

where X(A) is the set of nodes, E(A) is the set of edges
connecting the nodes. Nodes in X(A) correspond to rows
and columns of the matrix and edges in E(4) correspond
to nonzero off-diagonal entries. Hence, the network
diagram with solid lines shown in Fig. 2a can be inter-
preted as the undirected graph G(A). The filled graph
G(F) is the graph associated with filled matrix F (or LU)
of A after all factorisation fill-ins have been introduced
and corresponds to the full diagram of Fig. 2a (i.e. includ-
ing the dashed lines). Obviously G(4) is a subgraph of
G(F).

For any two nodes in the factorisation path, x; and x;,
x; is called the descendant of x; if it has to be factorised
before x;. Node x; is the ancestor of x;. It also follows in
this case that i < j. For example, node g is the ancestor of
nodes g, ¢, f. Each node is the descendent and ancestor of
itself. T[x] is used to denote a subtree of the tree T(A)
rooted at the node x, which includes all the descendants
of x in the tree T. For example, T[g] = {a, ¢, f, g},
T[i] = {b, ¢, d, i}. Two important theorems, quoted from
Reference 17, are now introduced to help in understand-
ing how factorisation tree partitioning works.

Theorem 1: States that for each node x;, the subgraph of
G(A) {G(F)} consisting of nodes in T[x,] is connected.

An interpretation of this theorem is that partitioning
the tree into disjoint subtrees amounts to network clus-
tering. Consider for example subtrees T[g] = {a, ¢, £, g}
and T[i] = {b, ¢, d, i}. Both subtrees correspond to clus-
ters of interconnected nodes, as can be verified on Fig. 2a.

Theorem 2: Is more important and states that every
topological ordering of the factorisation tree is an equiva-
lent reordering of the given sparse matrix, where the
topological ordering is such an order that numbers child
nodes before their parent nodes.

Note that reordering the optimally ordered nodes in
such a way that the matrix has BBDF structure, where
each main block corresponds to one or more subtrees, is
a topological reordering. This, according to Theorem 2,
shouid introduce no extra fill-ins and the number of
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arithmetic operations for factorisation should also be
preserved. Fig. 3a shows the LU matrix of the network of
Fig. 2 with the nodes ordered using MDML method,
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Fig. 3  (LU) matrix structure of example system

a MDML ordering

b Topological reordering giving BBDF structure
x  original entry

+ fill-ins

while Fig. 3b corresponds to BBDF reordering with
nodes on subtrees T[g] and T[i] grouped together. Both
orderings are equivalent as far as the number of fill-ins
and the complexity of solution is concerned.

The conclusion is that the factorisation-tree partition-
ing is a sparsity-preserving clustering of the network.
This is important as generally a clustering method, by
disturbing the optimal node ordering of a given network,
may introduce additional fills and therefore slow down
the algorithm [7]. Use of the factorisation tree prevents
this possibility and consequently the parallel code, exe-
cuted serially, should be equivalent to the best serial
code. This hypothesis has been tested on a range of net-
works described in Section 8 and proved to be correct.

4 Balancing load on parallel processors

It is well known that equal loading on all processors is
essential to ensure a success of any parallel method. The
authors of References 13 and 14 attempted to balance the
number of nodes that are assigned to each processor in
the hope that this would balance the load on them.
Another approach, first proposed in Reference 19 for
Cholesky factorisation and adapted here to power system
matrices, is based on an observation that the computa-
tional effort connected with factorisation and F/B substi-
tution of a given node is not uniform for all the nodes. In
fact, it is a function of the number of nonzero entries in a
column of the L matrix. It can easily be verified that the
computational complexity, defined as a number of
multiplications—additions (mult-adds), of factorisation of
a column with k nonzero entries is

kk + 1)
2

For both forward and backward substitution the com-
plexity is k. In the following analysis we concentrate on
factorisation as it is more time consuming. It would
appear that tree partitioning should be based on the
complexity of factorisation of a given branch, rather than
simply on the number of nodes in it. Define a weight of a
subtree as the sum of factorisation complexities (given by
eqn. 5) of all the nodes in it. Node labels in Fig. 2b
correspond to factorisation complexities/weights.

The node-to-processor allocation algorithm can be
based on balancing the weight of subtrees allocated to

Cky=1+k+ (5)

611



each processor, rather than simply on the number of
nodes. For example, if there were two processors avail-
able, subtree T[g] with a weight of 21 would be allocated
to one processor and subtree T[i] with weight 24 would
be allocated to the other processor. In this simple system
the allocation based simply on the number of nodes
would give exactly the same result but for real large
systems the results can be quite different.

As an example, consider the IEEE 118 node system,
for which the factorisation tree is shown in Fig. 4. The
network is to be divided into six parallel processed sub-
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Fig. 4  Factorisation tree of IEEE 118 node network with result of
load balancing algorithm

networks. The numbers at tree nodes correspond to
weights of subtrees rooted at a given node. All the root
nodes of the considered subtrees have been encircled. The
results of the load balancing algorithm, described in
detail in Reference 15, are shown symbolically in the
upper left corner in Fig. 4. For example, subnetwork 6
contains all the nodes belonging to subtrees (clusters)
rooted in nodes of weights 62 and 58. Clusters assigned
to a given processor and forming a subnetwork may not
be directly connected.

In this example, the theoretical processor loads (as
measured by factorisation complexities) varied between
115 and 125. The actual simulation results shown in Fig,
5 confirm the quality of the split and show a remarkable
similarity in factorisation and F/B substitution times for
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all six subnetworks (the last subnetwork contained all the
tearing nodes). The simulation was performed on a PC
and neglected communication overheads.

time (ms)

Fig. 5

O F/B substitution
@ factorisation

Execution profile of IEEE 118 node network

Apart from ensuring equal load balancing, the pro-
posed complexity aggregation scheme has two additional
advantages: it provides a method of visualising large
systems, and it allows an estimate of the expected
speedup for a given tree partition. To explain the first,
assume that a large system has 1000 nodes and its factor-
isation tree is to be examined. This would normally
require a very large diagram but using complexity aggre-
gation it is possible to prune off subtrees of weights
exceeding a certain threshold and represent them by their
root nodes carrying the same weight, giving a significant
reduction in the size of the diagram. Fig. 6 shows the
aggregated factorisation tree of the CEGB 734 node
network, MDML-ordered. Aggregated subtrees are rep-
resented by their root nodes and their encircled weights.

The expected speedup for a given tree partition can be
estimated by dividing the total tree weight (equal to the
total factorisation complexity and proportional to the
serial execution time) by the total number of multi-adds
on the critical path of the tree (proportional to the paral-
lel completion time), which is equal to the sum of factor-
isation complexities of the tearing nodes and of the
biggest subnetwork. For the network of Fig. 4, the total
factorisation complexity of the tearing nodes is
(844 — (sum of weights of subtrees)) = 122 and the weight
of the biggest subnetwork is 125. This would give a com-
putational speedup  (neglecting communication
overheads) of 844/(125 + 122) = 3.43, Our simulations
have shown that the actual factorisation speedup
achieved (measured against the best sequential solution,
neglecting communication) was 3.77, with the overall
speedup (including F/B substitution) being 3.21. Simula-
tions of other networks have shown a similar accuracy of
predictions and are described in Table 1, Section 8.

5 Node ordering

An efficient node-ordering routine is an essential part of
any sparse matrix solution program. In the case of paral-
lel solution, the demand is not only to minimise fills gen-
erated by factorisation but also to obtain a well-balanced
factorisation tree. The requirements of minimising fill-in
and balancing the tree are, to some extent, contradictory.
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Fig. 6  Aggregated factorisation tree of CEGB 734 node system, MDML ordering

The minimum degree minimum length (MDML) algo-
rithm [18] has been adopted as it provides a good com-
promise between the two objectives, but the algorithm
has been modified to include a third tie-breaking strat-
egy, applied when two or more nodes have the same
degree and length. The criterion picks the node which has
been least recently referenced. This requires time-
stamping each uneliminated node when its neighbour in
the filled graph is factorised and searching for the node
with the smallest timestamp in the event of a tie. The
time stamp may be just an iteration number. This order-
ing, referred to as minimum degree minimum length least
recently used (MDMLLRU) [13], should discourage fac-
torisation of nodes in one area only and encourage a bal-
anced factorisation over the whole network. The extra
time and complexity involved in implementing this third
tie-break strategy is negligible.

The proposed method has proved successful, giving
good results with well-balanced trees. For example,
compare the factorisation trees of the CEGB 734 node
system, MDML-ordered in Fig. 6 against MDMLLRU-
ordered in Fig. 7 (the meaning of encircled groups of
nodes is explained in the following Section). Both
methods started from the same natural ordering. The
height of the MDML tree is 35 with very unbalanced two
main branches of the weights 1084 and 4320. The height
of the MDMLLRU tree is 26 with two well-balanced
main branches of the weight 2687 and 2839, respectively.
The method has been tested statistically (for 500 random
initial orderings) and has performed consistently better
than the MDML method, giving smaller mean tree
height (29.8 against 31.4) and shorter tallest tree encoun-
tered (34 against 46). The smallest tree was for both cases
23, which is understandable as MDMLLRU is a subset
of MDML. A similar test for the IEEE 118 node network
did not show any major differences between the orderings
because the network was too small.

IEE Proc.-Gener. Transm. Distrib., Vol. 141, No. 6, November 1994

6 Recursively parallel method

The sequential part of the algorithm, i.e. processing of the
tearing nodes, is the main factor limiting the parallel
speedup. In this Section a new algorithm is proposed to
exploit existing parallelism between tearing nodes at each

Fig. 7  Aggregated factorisation tree of CEGB 734 node system,
MDMLLRU ordering

613




level of the factorisation tree. Consider again the factor-
isation tree of Fig. 2b and assume that there are four pro-
cessors at our disposal. Using the standard method
described in Section 2 we would have allocated nodes a
and ¢, b and e, d, f to four consecutive processors and
treated all other nodes as cut nodes to be processed seri-
ally by one of the processors with other processors idling.
Processing in this way neglects a potential parallelism
existing between nodes g and i. Instead of processing all
the cut nodes using one processor we propose to process
nodes g and i using two processors in parallel, and after
that process h and j serially using one processor. We
therefore intend to exploit existing parallelism between
groups of cut nodes using idling processors.

The algorithm outlined can be best applied to a
network partitioned in such a way that the resulting
block factorisation tree has a shape of the binary tree. To
explore this idea consider a general case, analysed in
detail in Reference 16, of a network partitioned into 15
subnetworks to be processed by eight processors. Fig. 8a

O @ @O @ B ® @ @ teveld main
subnetworks
level |
ievel 2
groups of
cut nodes
level 3
a
T 2 3 4 5 6 7 8]9 10 11 12[13 14[15)
1] x X x
2 x X x X
3 X X X X
4 x x x x| tevel O
5 x x x| x
6 x x xfx
7 x x xtx
8 X X x| x
9% x X X [x
10 x x x x x| level )
11 x X x x| x
12 X X X x| x
Bx x x x X x X x| level 2
14, X X X X X X x| x
15lx x x x x x x x{x x x x|]x x{«x] level 3

Fig. 8
a Filled graph and the factorisation tree
b RBBDF structure of LU matrix

General 15 subnetwork

shows the filled graph of the network with the edges cor-
responding to the allowed connections (or fill-ins)
between the blocks. The resulting factorisation tree is
indicated by the thicker lines. The structure of the LU
matrix is shown in Fig. 8b. Nodes 1-8 represent main
subnetworks while nodes 9-15 represent groups
(subnetworks) of cut nodes. We propose that the factor-
isation of the network is executed in four stages corres-
ponding to the four levels in the factorisation tree. In the
first stage, the eight main clusters at level 0 are processed
in parallel by eight processors. In the second stage, the
four groups of cut nodes at level 1 are processed in paral-
lel by four processors; stage 3 has two groups of cut
nodes at level 2 processed by two processors, and finally
the cut-node group 15 at level 3 is processed by one pro-
cessor. Forward and backward substitution follows a
similar pattern.

Theoretical analysis has shown [16] that the expected
speedup can be improved from about 3.5 to approx-
imately seven when using the method described. Obvi-
ously, not all the allowed connections between groups of
nodes shown in Fig. 8a could be expected to exist in a
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real power system. This is merely a general structure
from which some elements may be omitted as required.
However, it is useful as it allows the design of a general
program capable of dealing with any particular case of
this type.

The LU matrix has a characteristic structure, as the
BBDF structure of level 0 and below is again repeated at
levels 1 and below, and 2 and below. The matrix thus has
recursive bordered block diagonal form (RBBDF) and
the whole solution method is referred to as the recurs-
ively parallel (RP) method. Generally, the method results
in a network being partitioned into m main subnetworks
and (m — 1) groups (subnetworks) of tearing nodes. The
network can then be solved by m parallel processors in
log, m + 1 sequential steps.

Fig. 7 shows application of the general scheme
described to the aggregated factorisation tree of the
CEGB 734 node network. Subtrees forming subnetworks
have been circled together and given a number corres-
ponding to subnetworks from Fig. 8. Factorisation com-
plexities of the first eight main subnetworks vary between
550 (subnetwork 3) and 657 (subnetwork 8). The pre-
dicted factorisation speedup was 5.82, while the actual
was 5.38. This represents a significant improvement with
respect to the standard method speedup of 3.66. More
results can be found in Table 1, Section 8.

When using the recursively parallel method the longest
path in a tree forms the critical path of the algorithm
which cannot be further parallelised. This, in connection
with Amdal’s law, allows a crude estimation of the
optimal number of processors required. Assuming that
factorisation complexity of all the nodes is roughly
uniform, the number of nodes on the critical path (equal
to the tree height) gives a measure of the sequential share
of the algorithm (W, from 1). For example, the IEEE 118
node network factorisation tree has a height of 12, which
gives W, = 12/118 = 0.1. Observing Fig. 1, one can estim-
ate that the optimal number of processors for this system
is eight with the expected speed-up being approximately
four. Adding more processors results in a fast saturation
of the gain. Similarly, for the CEGB 734 node network,
the length of the critical path is 26, W, = 26/734 = 0.035,
and the expected speedup is about six when using eight
processors and about ten when using 16 processors. The
simulations confirmed the usefulness of this approximate
method of prediction.

One of the main problems with any parallel processing
method is minimising the amount of communication
required between processors. For the recursively parallel
method the traffic can be minimised by aggregating the
messages as they are sent down the tree. For example,
factorisation of subnetworks 1 and 2 at level 0, Fig. 8,
produces updates to subnetworks 9, 13 and 15 at levels 1,
2 and 3. Similarly, factorisation of subnetworks 9 and 10
at level 1 produces updates to subnetworks 13 and 15,
etc. These updates often refer to the same nodes in sub-
networks at lower levels, and therefore may be aggre-
gated (added) and sent down as a total rather than two
separate components. In this way, the total amount of
traffic can be significantly reduced. Another method of
minimising the communication overheads is related to
the task mapping and is considered in the following
Section.

7 Task mapping onto processors

The placement of tasks onto processors is one of the
most important parallel programming problems. If com-
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putational tasks are placed onto processors in such a way
that large amounts of interprocessor communication are
required, all the benefits of parallel processing can quite
easily be destroyed. For the recursively parallel method a
task corresponds to processing one of the subnetworks
from Fig. 8. It can be proved [20] that the best mapping
strategy is to place two task from different levels of the
factorisation tree on one processor. Fig. 9 shows an

Fig. 9
QO main subnetworks
3 outset networks

Mapping of tasks to processors for 15 subnetwork system

example of the task mapping of the 15 subnetwork
general case of Fig. 8. The strategy can be easily scaled
up to a higher number of processors, say 32 or 64. This
mapping strategy has additional benefit of minimising the
communication overheads, as communication time
between two different task placed on the same processors
is negligible.

The most popular, off-the-shelf, multiprocessor
systems are those using Inmos Transputers. One limita-
tion of the Transputer is that is has only four physical
communication links available per processor making it
difficult to implement interconnection topologies which
require more than four connections to each processor. It
can be shown [20] that the proposed task mapping pro-
cedure can be conveniently implemented on a planar pro-
cessor topology requiring no more than four links per
processor. This is scaleable to any number of processors
making it eminently suitable for use with the Transputer.
Note that the proposed mapping strategy eliminates the
need for global communication (ie. all processors
requiring a simultaneous access to the processor dealing
with the tearing nodes) necessary for the standard paral-
lel method and resulting in significant delays. In the
recursively parallel method the communication is neces-
sary only between the neighbouring processors in the tree
structure of Fig. 9. Moreover, the messages are not trans-
mitted all at the same time, but rather sequentially —
first from the tree leaves down to the root (for factor-
isation and forward substitution) and then the other way
around (for back substitution).

8 Simulation results

The recursively parallel method has been tested and com-
pared against the standard parallel method on a number
of networks including IEEE 118 node network and a 734
node representation of the CEGB network, using first a
PC and then an array of Transputers. Zollenkopf’s bifac-
torisation [4] method was used rather than more tradi-
tional LU factorisation.

Table 1 shows the simulation results for the two test
systems performed on a PC and compares the recursively
parallel (RP) method with the standard parallel network
solution method described in Section 2, when the matrix
is of BBDF structure and all cut nodes are processed seri-
ally. The speedup was calculated as the ratio of the
execution time of the best serial algorithm to the parallel
completion time (excluding communication overheads).
The speedup is given separately for factorisation, F/B
substitution and for the overall solution (ie.
factorisation + F/B substitution). In the factorisation
phase the predicted speedup (calculated as described in
Section 4) is compared with the actual speedup and the
results show a good accuracy of prediction. Comparison
between the proposed RP method and the standard
BBDF method shows a significant improvement in the
computational speedup.

Implementation of the RP method on an array of
transputers has confirmed that the communication over-
heads do not present a significant obstacle. For example,
the overall speedup (i.e. factorisation + F/B substitution)
for the 734 node network was 3.6 when using an array of
four transputers, which should be compared with 3.29 in
the simulation. This apparent improvement is due to
increased parallelism of computations made possible
during parallel implementation, but difficult to predict or
estimate in the simulation. The algorithm is still under
development and further improvements similar to those
suggested can be expected. Problems with implementing
the PR method on a truly parallel system are not trivial
and they will be the subject of another paper after a full
investigation using more Transputers and a variety of
networks is completed.

9 Conclusions

We have analysed a method for exploiting more of the
existing parallelism in the solution of the algebraic
network equations associated with power system prob-
lems. The proposed recursively parallel method, suitable
for MIMD-processor architecture and based on the use
of a factorisation tree, exploits not only parallelism exist-
ing between the main subnetworks, but also that existing
between cut nodes. Additionally, a modified node-

Table 1: Simulation results for two test systems

System No. of

Computational speedup

processors
Factorisation F/B substitution Overall
RP RP Standard RP Standard RP Standard
predicted actual BBDF method BBOF method BBDF
IEEE 2 1.65 155 1.65 1.62 1.62 1.497 1.497
118 4 275 272 263 272 242 272 2.55
8 4.02 4.41 3.28 3.86 294 417 313
CEGB 2 1.96 2.01 201 1.87 1.87 1.92 1.92
734 4 3.56 334 314 3.08 295 3.29 3.12
8 5.82 538 366 6.2 3.95 5.68 3.76
16 75 667 3N 8.14 4.95 71 4.2
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ordering algorithm is proposed which gives short and
well-balanced factorisation trees. A new method for
network clustering based on estimation of the computa-
tional complexity is also proposed which does not
deteriorate sparsity of the factor matrices, gives good bal-
ancing of the computational load between the parallel
processors, allows visualisation of large networks, and
accurately predicts the expected parallel speedup. A
simulation of the proposed recursively parallel method
has proved its effectiveness and it has been shown that
the method suffers less from the speedup saturation effect
of traditional parallel solutions.
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